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ARC LENGTH REVISITED 
James Perna’s note on arc length (Reader 
Reflections, MT Dec. 2012/Jan. 2013, 
vol. 106, no. 5, pp. 328-29) is a thorough- 
going discussion of a natural and valuable 
question. Last year I worked out con- 
struction of tractable arc length problems, 
which may be useful. The methods pro- 
duce doable integrals from manipulation 
of arbitrary functions. 

For curves in two dimensions, choose 
two convenient functions a(t) and b(t). 
Then 


(x(t), y(t))= (f(@ * p*)at, | 2abdt) 


gives parametric equations and a solv- 
able integral for the arc length. 

In the May 2007 College Mathematics 
Journal, reprinted in The Calculus Col- 
lection: A Resource for AP and Beyond 
(Mathematical Association of America 
2010), John Ferdinands developed the 
following algorithm for curves in the 
form y = f(x): Choose g(x). Then 


ill ob)-st5} 


will have arc length given by 


Li 1 
L=3](oo+ Jac 
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F(x)= 


Gary Miller 

gmiller @pi.ac.ae 

The Petroleum Institute 

Abu Dhabi, UAE, Dec. 12, 2012 


We appreciate the interest and value the views 
of those who write. Readers commenting on 
articles are encouraged to send copies of their 
correspondence to the authors. For publica- 
tion: All letters for publication are acknowl- 
edged. Letters to be considered for publica- 
tion should be in MS Word document format 
and sent to mt@nctm.org. Letters should not 
exceed 250 words and are subject to abridg- 
ment. At the end of the letter include your 
name and affiliation, if any, including e-mail 
address, per the style of the section. 


LOGGING HARMONIC 
CONVERGENCE 

Kudos to Matson and Grigoriadou 
(“Don’t Fret over Exponential Func- 
tions,” MT Dec. 2012/Jau. 2013, vol. 
106, no. 5) for locating fret positions of 
stringed instruments as an application of 
exponential functions. I suggest the “no 
fretting” follow-up of finding harmonic 
notes—ghostly sustaining tones that are 
prepared by the “fretting hand” not by 
pressing a string down against the finger- 
board but by simply lightly touching the 
string at a point that divides its length 
into an (m—n):n ratio, in which m and 
n are (small) natural numbers (with n = 
122.3 7 — 1) and the traction 

(m —n):n is in simplest form. The dis- 
tance of this point from the guitar’s 
bridge is L+ (m—n)/m, where L is the 
full length of the open (unfretted) string. 
Although such points can be located one 
by one with tape measure and fraction 
arithmetic, already existing landmarks 
on a guitar (namely, the metal bars called 
frets) would be convenient to use. 

The authors’ exploration lets us state 
that the distance from the bridge of fret x 
(fret numbering starts at the nut) is Lr’, 
where r is the value 1/2” that they dis- 
cussed. Equating our two “distance from 
the bridge” expressions yields (m — n)/m= 
r’. Applying logarithms yields 


aa 
r logr — 


Xx 


Note that m = 2, 3, 4 produces values 
of x that are exactly (or nearly exactly) 
a whole number (see table 1 [Lesser], 
and these are used in hits such as “Bar- 
racuda” (by Heart) and “Roundabout” 
(by Yes). A non-whole-number fret 


position can still be played efficiently 
by placing one’s finger appropriately 
between its two surrounding frets. 
Lawrence M. Lesser 
Lesser @utep.edu 
The University of Texas at El Paso 
Feb. 19, 2013 


APPLYING VISIBLE THINKING 

I read “Visible Thinking in High School 
Mathematics,” by Emily Siman (MT 
March 2013, vol. 106, no. 7, pp. 502-7) a 
day before I introduced imaginary numbers 
in my second-year algebra class. I was easily 
able to set up three stations with questions 
that linked topics on the recent chapter on 
quadratic functions and the upcoming unit: 


e “What do you know about roots of a 
function?” 

e “What do you know about square 
roots?” 

e “What do you know about imaginary 
numbers?” 


The students enjoyed the lesson. Even 
those who initially wrote, “I don’t know,” 
looked back at what others had jotted 
down and attempted to join the conver- 
sation. On the last rotation, one student 
wrote, “I feel like this is related to the other 
questions and has to do with what we’re 
learning next.” At the end, she was the one 
to ask whether we could repeat the activity 
at the end of the unit to compare posters. It 
was a great idea, one I would recommend 
to any teacher. The only difficulty I faced 
was getting students to stop writing irrel- 
evant notes to one another! 

Jaime Marts 
jmemarts@hotmail.com 
Marylawn of the Oranges Academy 
South Orange, NJ, Mar. 17, 2013 


Table 1 (Lesser) 
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MORE ON MAGIC SQUARES 
In Lawrence Lesser’s reflection “The Cen- 
ter of a Magic Square” (MT Mar. 2013, vol. 
106, no. 7, p. 486), the value in the center 
square of any odd-order magic square is 
said to be the mean. This is incorrect. 
Consider the 9 x 9 array in figure 1 
(Becker). Choose any 5 x 5 square in the 
array. There are 25 ways to do so. The 
upper-left corner of the array (shaded 
in the figure) has center square 10. The 
lower-right corner of the array (also 
shaded) has center square 16. Each of 
these fifth-order magic squares has the 
following properties: Rows, columns, 
main diagonals, and broken diagonals 
sum to 65; and each of these 25 fifth-order 
panmagic squares has a different natural 
number from 1 to 25 in its center square. 
In only one of these odd-order magic 
squares is the mean in the center square. 
Robert H. Becker 
rbecker @writeme.com 
Governor Mifflin Senior High School (retired) 
Shillington, PA, Mar. 14, 2013 


Fig. 1 (Becker) 


REDISTRICTING APPLICATION 
Regarding “Decennial Redistricting: 
Rich Mathematics in Context” (MT 
Oct. 2012, vol. 106, no. 3, pp. 206-11), 
see the diagram shown in figure 1 
(Cibes). It is virtually identical to one 
in The Power of Numbers: A Teacher’s 
Guide to Mathematics in a Social Studies 
Context (http://www.esrnational.org/ 
store/index.php?main_page=product_ 
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info&cPath=8 &products_id=33), a 
workbook published by the Citizens 

for Social Responsibility (Boston) and 
aimed at middle school teachers. The 
discussion below is based on the original 
activity, which I have revised somewhat 
for my own use in my first-year college 
classes on equity and decision making. 

The figure shows a mythical state that 
has been apportioned 10 seats in the U.S. 
House of Representatives and is required 
to create 10 districts of equal popula- 
tions. Each R, D, and U represents 5,000 
people considered Republican, Demo- 
crat, or Unaffiliated, respectively, and 
the total population is 350,000. 

Note that apportionment is based on 
total population, including children and 
other unregistered voters, so these two 
nonvoting groups have been arbitrarily 
assigned to the R, D, or U groups. In real 
life, we would have additional informa- 
tion, at the very least about the geo- 
graphic distribution of registered voters 
and their affiliations and whether unaf- 
filiated voters in a state tend to prefer one 
party over another, despite not affiliating 
themselves with a particular party. 

The rules are simple: 


e Every town (shaded region) with 
35,000 or more people must lie in a 
single district. 

e Every part of each district must be 
accessible from another part without 
crossing district boundaries. 
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Fig. 1 (Cibes) 


I offered students three scenarios: 
(1) create districts according to the 
best interests of the Democratic Party; 
(2) create districts according to the 
best interests of the Republican Party; 
or (3) create “neutral” districts. In any 
scenario, students did not assume any 
preference by persons considered unaf- 
filiated. Students then wrote reports 
describing their reasoning and justify- 
ing how their goals had been met by 
their districting. Students also con- 
trasted this mythical process with what 
they imagined—or knew—a real-life 
process to be. 
Margaret Cibes 
cibesm@comcast.net 
University of Hartford (retired) 
Hartford, CT, June 10, 2013 


PROBLEMS 22 AND 23, 

MAY 2012 CALENDAR 

Problem 22 

Problem 22 in the May 2012 Calendar 
(MT Apr. 2012, vol. 105, no. 8, p. 601) 
is stated as follows: 


A fair coin is tossed five times. What 
is the probability of obtaining at least 
three consecutive heads? 


One alternate solution would be to 
look at the problem as a truth table, 
with 32 rows and T standing for heads 
and F standing for tails (see table 1 
[Forringer]). (We could, of course, just 
use H and T.) Notice that the rows with 
the asterisk (*) meet the condition of at 
least three consecutive heads. 

A second alternate solution would 
involve using the binomial expansion 
(in this case, H stands for heads, and T 
stands for tails): 


(H+ T)° =H’ +5H‘T + 10H'T’ 
+ 10H?T* + 5HT*+T 
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Now the only terms that we need to 
consider are those terms that have an 
exponent of 3 or greater for the H (since 
the exponent tells us how many of those 
letters occur), which would be just the 
first three terms. 

The first coefficient, 1, would give us 
the number of possible ways of getting 
five heads in a row. Since five heads in 
a row Satisfies the condition of the prob- 
lem, we have one success. 

The second coefficient, 5, would give 
us the number of possible ways of get- 
ting 4 heads. Four of those 5 would be 
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3 in a row, so that gives us a total of 5 
ways with the first two terms. (HHTHH 
would be the only arrangement that 
would not include 3 Hs in a row.) 

The third coefficient, 10, would give 
us the number of possible ways of get- 
ting 3 heads. The only ones that would 
meet the condition of “in a row” would 
be where the first three were heads, or 
the second three were heads, or the last 
three were heads. 

So the first term gives us 1 way, the 
second term gives us 4 ways, and the 
third term gives us 3 ways, for a total 
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Table 1 (Forringer) 
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of 8 ways. Eight out of 32 (32 being 
the sum of all the coefficients of all the 
terms) gives us the correct answer of 1/4. 


Problem 23 
Problem 23 in the May 2012 Calendar (MT 


Apr. 2012, vol. 105, no. 8, p. 601) reads: 


In base 10, the number 31 represents a 
prime number. In base k, however, this 
two-digit number represents a perfect 
square. For what value or values of k, 

3 <k< 10, is 31 a perfect square? 


The problem would be more interest- 
ing if we were to remove the restriction 
3 <k< 10. In fact, every perfect square 
that does not contain a factor of 3 can 
be expressed in the form 31,. The solu- 
tion for the original problem listed 5 
and 8 as the base values that would 
yield a perfect square, but without the 
restriction the answer would have been 


5, Spl6;Z2 135740756765; 597 909 20) 
133501 CLL Gyms 


Can readers or their students find the 
next three numbers in the series? Note that 
the difference between the first two elements 
of the set is 3; the difference between the 
third and fourth elements is 5; between 
the fifth and sixth is 7, and so on. The 
difference between the second and third 
elements is 8, between the fourth and 
fifth elements is 12; between the sixth and 
seventh elements is 16; between the eighth 
and ninth elements is 20; and so on. 

Richard Forringer 
dick.forringer @gmail.com 
Durham Academy (retired) 
Durham, NC, Oct. 15, 2012 


PROBLEM 14, DECEMBER 2012 
CALENDAR 

Problem 14 of the December 2012 Cal- 
endar (MT Nov. 2012, vol. 106, no. 4, 
p. 281) was stated as follows: 


Trapezoid ABCD with bases AD and 
BC has diagonals meeting at E. The line 
through E parallel to the bases inter- 
sects the nonparallel sides at F and G. If 
BC= 10 and AD = 15, compute FG. 


I would like to offer an alternate solu- 
tion to this problem. Note that because 


triangle BCE is similar to triangle DAC, 
the altitudes of these triangles through 
point E are proportional; the scale ratio 
19 O25, Oe 273 3). 

An intriguing aspect of this problem 
is that the height of the trapezoid does 
not matter; the length FG, the parallel 
through the point of intersection of the 
diagonals, is fully determined by the 
length of the bases. Thus, we are free to 
make those two altitudes anything we 
like in the ratio of 2:3; I choose to make 
them 2 units and 3 units. 

Now the height of the whole trap- 
ezoid is 5 units, and its area is easily 
calculated to be 5 - (10 + 25)/2 = 62.5 
units’. If we let FG = x, the area of the 
top trapezoid plus that of the bottom 
trapezoid must equal 62.5 units’-— 


2 x G 
(10+) : 3(x+15) ie 
Z 2 
—which produces the correct solution, 
ea 2 nits: 
Ken McCaffrey 
kenneth.mccaffrey @yahoo.com 
Brattleboro Union High School (retired) 
Brattleboro, VT, Oct. 21, 2012 


PROBLEM 19, MARCH 2013 
CALENDAR 

Problem 19 in the March 2013 Calendar 
(MT Feb. 2013, vol. 106, no. 6, p. 441) is 
stated as follows: 


The numerical value of the volume of 
a cylinder is twice the numerical value 
of its surface area. If the radius and 
the height are both integers, determine 
the smallest possible volume. 


The volume of a cylinder is given by 
V=ar'l. The corresponding surface area 
is given by A = 2ar + 2arl. Letting V= 
2A yields rl = 4(r+ 1) rl - 4r - 41=0 
—> rl —4r — 4] + 16 = 16 or (r- 4) (1-4) 
= 16. The five possible factorizations are 
shown in table 1 (Goehl). 

The smallest volume occurs for r= 6. 
This is the smallest volume for any, 
integral or not. We can see this by taking 
the derivative of the volume with respect 
to r. Notice that | = 16/(r - 4) + 4, and so 
the volume is given by m7 [16/(r- 4) +4]. 
Setting the derivative equal to 0 yields 
r=6 and V =432z = 1357.168. 








pice ie 
ps | 2 [12] 6 | s6tn | 432n | 
4 | 4 | | | size | 2560 | 
p 2 | 8 | 6 [1a] asen | 2160 


Table 1 (Goehl) 


ae (Ee eva A 
36 | 1 [42] 7 [12348] 41160] 
ras [2 [ast | cnet 
p12 | 3 [18] 9 | 29160 | o72e | 
9 | 4 [15/10] 2250m | 750% | 
6 | 6 | 12/12] ream | s76e | 
4 | 9 | 10/15] 15007 | 500% | 
3 | 22 [9 [18] tasan | 4s6e | 
| 2 | as | 8 [24] 15860 | size | 
re ae eee ees 








































Table 2 (Goehl) 


This procedure can be followed when 
V is any multiple, m, of A: (r- 2m) - 
(l- 2m) =4m’. As an example, table 2 
(Goehl) shows the results for m= 3. 
For any m, the derivative set equal to 
0 yields r = 3m, which corresponds to a 
smallest volume of 54m’z. 
John F. Goehl Jr. 
jgoehl@mail.barry.edu 
Barry University 
Miami Shores, FL, Feb. 26, 2013 


HOW HIGH AM I? 
Suppose that your aircraft’s altimeter is 
not working. Can you calculate your alti- 
tude by merely observing the horizon? 
Well, let’s investigate. Perhaps we’ll dis- 
cover a few other facts while we’re at it. 
We adopt the labeling notation shown 
in figure 1 (Siegel), where h is our alti- 
tude, R is the radius of Earth, and @ is the 
declination of the horizon. Angle AOT has 
value @ because it is the complement of 
the complement of 0. The triangle reveals 
that cos@ = R/(R +h), which is equivalent 
to h= R(1 - cos@)/cos@. Therefore, if we 
know Earth’s radius, then we know our 
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Figure 1 (Siege!) 


altitude (assuming that we can accurately 
measure the angle of depression of the 
horizon). Conversely, if we know our 
altitude and the angle of declination to 
the horizon, then we can calculate Earth’s 
radius by solving our equation for R. That 
is, R = hcos@/(1 — cos@). 
We can also tell how much of Earth 
is in our purview. The triangle provides 
the information that the length of side 
AT is Rtan@, which is the distance from 
our craft to the horizon. On the other 
hand, the length of arc ST, the distance 
from the point on Earth directly below 
our craft to the horizon, is R@ (assuming 
that we measure @ in radians) since arc 
length along a circle equals the product 
of the radius and the central angle that 
intercepts the arc. Those two lengths are 
approximately equal if we are not too 
high. In that case, where @ is close to zero, 
@ and tan@ are almost indistinguishable 
because tan@ (the Maclaurin series for 
tan@ begins with @ + 6°/3) can be approxi- 
mated by @. 
After concluding this investigation, 
I Googled “radius of the Earth,” where- 
upon I learned that a Persian mathema- 
tician, Abu al-Biruni (CE 973-1048), 
determined Earth’s radius in the same 
way (but from a mountain, not an air- 
craft). He did so nearly five hundred 
years before Columbus discovered the 
New World. It’s always a thrill to dis- 
cover a link to the past. 
Steven Siegel 
siegel443 @comcast.net 
Niagara University (retired) 
Niagara, NY, Mar. 20, 2012 
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MEDIA. 


Margaret Cibes and James Greenwood // G. Patrick Vennebush 


Optimizing HDTV Viewing Angles 


Your TV's screen size should depend on how far you'll be sitting from it, what you'll be 


watching, and your personal tastes and preferences. ... 


Viewing distance and picture quality: two parts of the screen size equation 


Viewing 
Distance 
Range 
(in ft.) 


Screen Diagonal 
(not for front 
projectors) 
(in in.) 


Sitting the right distance from your TV is also an important part of optimizing the view- 
ing experience. Because HDTVs offer so much more picture detail than old analog sets, 
you can sit quite a bit closer to them than you could with your old tube. In fact, sitting 
too far away may mean you miss some of the high-def detail you paid for. But you also 
want to avoid sitting too close to your TV. A good indication that you're sitting too close 
to a screen is if you find yourself distracted by the screen's “structure’—those rows and 


columns of pixels that look like tiny dots. 9.75-9.50 

If you're not sure which screen size is best for your room size and viewing distance, 6.50-10.80 
check the guidelines [at right]. You can also use them to get an idea of appropriate viewing 7.25-12.00 
distance from your current TV. You'll notice that we provided a range for each screen size, 813-43.50 


rather than a hard and fast number. That’s because the viewing distance you prefer will 

depend on your personal tastes, as well as what kind of material you'll most often watch. If 8.75-14.75 
you're going to watch lots of high-quality video-like DVDs and high-def programming-you 
can sit in the closer end of the range to see all the detail your HDTV can provide. On the other hand, if you'll still be watching lots 
of lower-quality sources, like analog cable, we recommend sitting at the higher end so that you'll notice less of the image's flaws. 


Si 


4.63-7.71 


40 5.00-6.33 





Source: Julie Govan, “Choosing Screen Size and Placing Your TV,” June 30, 2009, 
http://www.crutchfield.com/learn/learningcenter/home/TV_placement.html 


1. As the viewer moves closer to or 


Media Clips appears in every issue of Math- 
ematics Teacher, offering readers contem- 
porary, authentic applications of quantita- 
tive reasoning based on print or electronic 
media. All submissions should be sent to the 
editors. For information on the department 
and guidelines for submitting a clip, visit 
http://www.nctm.org/publications/content 
.aspx?id=10440#media. 


Edited by Louis Lim, louis.lim1@gmail.com 
Thornhill Secondary School, Thornhill, ON, 
Canada 


Lionel Garrison, garrison@horacemann.org 
Horace Mann School, Bronx, NY 


Questions refer to an advertised 
37-inch diagonal flat-screen HDTV. 
Although the dimensions of the screen 
display vary from one model HDTV 

to another, assume that the HDTV 
referred to in these questions has a 
screen display of 18.5 in. high by 

32.5 in. wide. 


Scenario 1 

Suppose that this HDTV is mounted on 
a wall so that the bottom of the screen 
display is located at eye level (see fig. 1 
[“Optimizing HDTV Viewing 
Angles”]). 
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farther away from the wall, the view- 
ing angle (see fig. 1 [“Optimizing 
HDTV Viewing Angles”]) will 
vary. Write a function that gives the 
viewing angle, 0(x) (measured in 
degrees) in terms of the viewer’s dis- 
tance from the wall x (in in.). Specify 
the domain of the function. 


. Crutchfield recommends a viewing 


distance between 4.63 ft. and 7.71 ft. 
Compute the viewing angle at the two 
given distances. Round your answers 
to the nearest tenth of a degree. 


3. Is there a distance from the wall that 
maximizes your viewing angle? Find 
this distance and the maximum view- 
ing angle and interpret your results. 


Scenario 2 

Suppose, instead, that this HDTV is 
mounted on a wall so that the bottom 
of the screen display is located 10 in. 


above eye level (see fig. 2 [“Optimizing 
HDTV Viewing Angles’’]). 


4. Write a function that gives the view- 


. If Schlereth’s proposal is adopted, 


ing angle 6 (in degrees) in terms of the 
viewer’s distance from the wall x (in 
in.). Specify the domain of the function. 





Fig. 1 (“Optimizing HDTV Viewing Angles”) 


. Find the viewing angle for view- 


ing distances of 4.63 ft. and 7.71 ft., 
rounding your answers to the nearest 
tenth of a degree. How do the view- 
ing angles from the minimum and 
maximum recommended viewing 
distances in scenario 2 compare with 7. 
those in scenario 1? 


Onside Kicks 


In early 2018, the idea of eliminat- 
ing kickoffs in the NFL was briefly 
discussed. A kickoff occurs when one 
team (the kicking team) kicks the ball 
to the other team (the returning team) 
to start the game, after a score, or to 
start the second half. Most sports pun- 
dits declared it a ludicrous idea. 

On April 16, 2012, analyst Mark 
Schlereth appeared on the Mike & Mike 
show and commented: “What’re you 


6. Use your function to find the distance 


from the wall that would give the 
maximum viewing angle. Then com- 
pute the maximum viewing angle. 


Which viewing distance would you 
prefer—the distance that gives the 


gonna do—flip a coin three times in a 
row? You gotta get heads three times in 


a row to get an onside kick?” 


An onside kick is a kickoff in which 
the kicking team tries to recover the 
ball for itself. An onside kick is suc- 
cessful if the ball travels at least 
10 yards and a member of the kicking 
team recovers the ball before it either 
goes out of bounds or is caught by a 


member of the receiving team. 








Fig. 2 (“Optimizing HDTV Viewing Angles’’) 


maximum viewing angle, a distance 
within the recommended range, or 
some other distance? Explain. 





Source: The full interview with Mark Schlereth appears at http://espn.go.com/espnradio/play?id=7823100. More details about the 
event are at Vennebush’s blog at http://mathjokes4mathyfolks.wordpress.com/2012/04/1 7/kicking-off-flipping-off/. 


3: 
what is the probability that an onside 

kick would be successful—that is, 
recovered by the kicking team? 


. According to Advanced NFL Stats 


(www.advancednflstats.com), the 
probability for success of an onside 
kick in the NFL is about 26%. Modify 
Schlereth’s proposal so that the out- 
come would more closely match the 
actual probability. 


Also according to Advanced NFL 
Stats, onside kicks are highly depend- 
ent on the element of surprise. If the 
receiving team expects an onside 
kick, the probability of success is 
only 20%. Using coin flips, develop 

a mathematical model for when the 
receiving team expects an onside kick 
so that the outcome would approxi- 
mately match the actual probability. 


4. If the receiving team does not expect 
an onside kick, however, the prob- 
ability of success increases to about 
60%. Using coin flips, develop a math- 
ematical model for when the receiv- 
ing team does not expect an onside 
kick so that the outcome would 
approximately match the actual 
probability. 
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MERU SHIPS 


“Optimizing HDTV Viewing Angles” 
answers 
1. The function is given by 


a(x) ~ actan| 185) 


Xx 


where 6(x) represents the viewing 
angle (in degrees) and x represents 

the viewer’s distance from the wall 

(in in.). The domain of the function is 
given by x > 0 because the arctan func- 
tion is continuous for all real x #0 and 
the viewer’s distance from the wall 
cannot be negative in this situation. 


2. For the viewing distances of 4.63 ft. 
and 7.71 ft., the viewing angles would 


be only about 18.4° and 11.3°. Con- 
vert 4.63 ft. to 55.56 in. to get 


9 (55.56) = arctan aoe) Zio 
55.56 


Convert 7.71 ft. to 92.52 in. to get 





9(92.52) = arctan Bee = WLS. 
92.52 


3. There does exist an upper limit to 
the viewing angle. As the viewer gets 
closer to the screen—that is, as the 
viewing distance decreases to 0—the 
viewing angle increases to 90°: 


lim arctan (+85) = 902 
x30 XG 


4. The function is given by 


eoss 22) 
6(x)= arctan ——— |-arctan| — |, 


Xx Xx 


where 6(x) represents the viewing 
angle (in degrees) and x represents 
the viewer’s distance from the wall 











Table 1 (“Onside Kicks”) 





Pe om | [2 Fae pasa 
001953 OT fo(S (0/0313 .164063 .246094 | .246094 


(in in.). The domain of @ is given 
by x > 0 because both arctan func- 
tions are continuous for all real 

x #0. Therefore, their difference is 
also continuous for x # 0, and the 
viewer’s distance from the wall can- 
not be negative in this situation. 


5. For the two given distances, 4.63 ft. 


and 7.71 ft., the viewing angles would 
be, respectively, about 17.0° and 
about 11.0°. 


Convert 4.63 ft. to 55.56 in. to get 


0(55.56) Fa arctan 225] 
55 


— arctan 10 alu) eae 
55.56 





Convert 7.71 ft. to 92.52 in. to get 





o(0252) = arctan] gee 
92.52 





— arctan wv ale Oe 
92.52 


6. The maximum viewing angle would 


be about 29° and would occur at a 
viewing distance of about 17 in. from 
the wall. Consider the following: 


=20.0 i, 10 





4 GS LO 
: =28.5(x° + 10°) +10(x? +28.5") 


(x? +.28.5°)(x? +10) 
° -18.5{- \/285)(x+ 285) 


i. (x? +28.5°)(x? +10”) 
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28a | aan out 
.164063 .070313 


All factors in the last expression are 
positive except -18.5(x - 285). This 
product is positive for x < V285 and 
negative for x > 1285, so 0 increases 
to the left and decreases to the right 
of x = V285 ~ 16.88 in. Therefore, 
the maximum value of 8 occurs at 

x = V285 and is given by 


o(,238) = arctan| ES 


10 


V¥285 








~ arctan a Oulu 


. Answers may vary. In this scenario, 


a viewer would have to sit awfully 
close to the wall (about 17 in.) to 
achieve the maximum viewing angle 
(about 29°). Sitting this close to an 
HDTV could result in neck or back 
pain, eyestrain, or distorted views. 

A viewer would probably be more 
comfortable sitting within the recom- 
mended distances (between 4.63 ft. 
and 7.71 ft.) or farther, despite hav- 
ing a smaller viewing angle (between 
11° and 17° or smaller). 


“Onside Kicks” answers 
1. The probability that an onside kick 


would be successful is .125: 


P(3 heads) = —-—.— = ==,125 


2. We could flip two coins instead of 


three. Then 


=—=.25, 


P(2 heads) Ea ; 


bhle 
wo] R 


which is close to .26. 


3. We find the probability of attaining 
n heads when 9 coins are flipped: 







017578 | .001953 


gC, * (1/2)*. The probabilities for 0-9 


heads are shown in table 1 (“Onside 


Kicks”). Consequently, one option 
is to flip nine coins, and if 1, 3, 8, or 
9 heads occur, the kick is successful. 
The probability of one of those occur- 
ring is P(1, 3, 8, or 9 heads with 9 
coins) = .017578 + .164063 + .017578 
+ .001953 = .201172, or about 20%. 


. Again, flip 9 coins. As shown in 
table 1 (“Onside Kicks”), if 1, 2, 
4,5, 8, or 9 of them land heads, the 
onside kick is successful. The prob- 
ability of one of those occurring is 
P(1, 2, 4, 5, 8, or 9 heads with 9 
coins) = .017578 + .070313 + .246094 
+ .246094 +.017578 + .001953 = 
.599609, or about 60%. 











MARGARET CIBES, 
cibesm@comcast.net, and 
JAMES GREENWOOD, 
jngreenwoodjr@gmail.com, 
who submitted “Optimizing 
HDTV Viewing Angles,” are 
i@@_ retired mathematics teachers. 
: Their main interest lies in the 
promotion of quantitative lit- 
eracy through analysis of the 
mathematical and statistical 
ay reasoning found in a variety 
of media. G. PATRICK VENNEBUSH, 
patrick.vennebush@verizon.net, who 
submitted “Onside Kicks," is the director 
of mathematics for Discovery Education, 
where he is leading the development of a 
mathematics techbook. 


MT 2013 
FOCUS ISSUE 






Beginning @ 

Algebra: © 

Teaching 
Key 

| Concepts 








NCTM’ Ss “Mathematics Education Trust (MET) channels ne Boneracity of pontibutors oder 
_ the creation and funding of grants, awards, honors, and other projects that support the 
improvement of mathematics teaching and learning. 


MET provides funds to support classroom teachers in the areas of improving classroom 
_ practices and increasing mathematical knowledge. MET also sponsors activities for 
"prospective teachers and NCTM's Affiliates, as well as recognizing the lifetime achievement 
of leaders in mathematics education. 


If you are a teacher, prospective teacher, or school administrator and would like more 


information about MET grants, scholarships, and awards, please: 
e Visit our Web site, www.nctm.org/met 

e Call us at (703) 620-9840, ext. 2112 

e E-mail us at exec@nctm.org 


_ Please help us help teachers! Send your tax-deductible gift to MET, 
_ c/o NCTM, 1906 Association Drive, Reston, VA 20191-1502. Your 
gift, no matter its size, will help us reach our goal of providing a 
_ high-quality mathematics learning experience for all students. 


MATHEMATICS 


EDUCATION TRUST 





The Mathematics Education Trust 
was established in 1976 by the National Council 
of Teachers of Mathematics (NCTM). 


Vol. 107, No. 2 * September 2013 | MATHEMATICS TEACHER 91 


MARY HAYNES 


MATH EMATIGAL 


Douglas Wilcock 


Horsing Around 


Carousels, or merry-go-rounds, have 
been a mainstay of amusement parks 
for years, entertaining young and old 
alike. In addition to providing a link to 
an earlier era, carousels provide oppor- 
tunities to engage in some interesting 
mathematics. 

The carousel at Heritage Museums 
and Gardens in Sandwich, Massachusetts 


Mathematical Lens uses photographs as a 
springboard for mathematical inquiry and ap- 
pears in every issue of Mathematics Teacher. 
All submissions should be sent to the depart- 
ment editors. For more background informa- 
tion on Mathematical Lens and guidelines 
for submitting a photograph and questions, 
please visit http://www.nctm.org/publications/ 
content.aspx?id=10440#lens. 


Edited by Ron Lancaster, ron27i8@nas 
net, University of Toronto, ON, Canada, and 
Brigitte Bentele, brigitte.bentele@trinity 
schoolnyc.org, Trinity School, New York, NY 





(see photograph 1), was built in 1908 
in East Providence, Rhode Island, by the 
Charles Looff Company. The carousel 
measures 35 feet in diameter and makes 
one revolution every 14 seconds. In each 
revolution, a rider on one of the horses 
experiences four up-and-down cycles. 


1. The two motions of the carousel— 
the circular motion of the entire 
carousel and the rising and falling 
of individual horses—are controlled 
by a system of three gears. The first 
gear is the electric motor shaft gear, 
a 12-tooth gear that transfers power 
from the motor to the carousel. The 
central drive gear is a 72-tooth gear 
that is connected to the electric 
motor shaft gear by a chain (see 
photograph 2); this gear provides 
the rotational motion of the carousel. 
The “sweep” arm gear is an 18-tooth 
gear that provides the vertical motion 
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Peta aL is) 
arm gears above 





to the horses. The gear is shown in 
photograph 3, and the sweep arm is 
shown in photograph 4. A total of 
12 sweep arms radiate from the cen- 
ter of the carousel. 

All gears work in a 1:1 ratio. An 
advance of 1 tooth in the electric 
motor shaft gear advances the central 
drive gear 1 tooth; this action, in turn, 
advances the sweep arm gear 1 tooth. 


(a) In each revolution of the carousel, 
the rider experiences four vertical 
cycles on the horse. The sweep 
rotates 4 times to produce 4 ups 
and four downs per revolution. 
Thus, each 1-tooth advance of the 
sweep gear represents how many 
degrees of a carousel rotation? 


(b) The gears for the sweep are driven 
by the central 72-tooth drive 
gear, which in turn is driven by 
the 12-tooth gear on the electric 
motor shaft. Each time the gear 
on the electric motor shaft makes 
1 complete revolution, how many 
degrees does the carousel advance? 


2. (a) The motor and drive shafts are 


housed in the center of the carou- 
sel. As a result, it is almost impos- 
sible to determine the radius of 


Photograph 4 
The carousel’s 
sweep arm 


oLT 18), Wel 
horse positioned a 





MARY HAYNES 


each of the three rings of horses 
that make up the carousel. How- 
ever, there are 12 sweep arms, 

so the angle between consecutive 
sweep arms is 30°. We also know 
the distance between horses for. 
each ring (see fig. 1). For the 
inner ring, the distance between 
horses is 62 in.; for the middle 
ring, the distance is 77 in.; and for 
the outer ring, the distance is 93 
in. Use this information to calcu- Fig. 1 The distance between horses varies for 
late, to the nearest half foot, the each ring of the carousel. 

radius of each of the three rings. 








of 54 in. Sketch one period of 





(b) Without including the up-and- the horse’s up-and-down motion, 
down movement of the horse and with time measured in seconds on Fig. 2 An observer is at point A. The horse 
rider, determine the distance trav- the x-axis and saddle height mea- and rider in the outer ring start at point D and 
eled along each circular ring during sured in inches on the y-axis. travel in the direction of B. 
a typical ride lasting 2 minutes. 
Remember that the carousel makes (b) Using radians, write an equation distance, as a function of time, 
1 revolution every 14 seconds. for the horse’s height in inches as between the camera and rider. 

a function of time. Assume that at time t = 0 the 

(c) The horse and rider are not at the horse and rider are at the closest 
same location at the beginning and (c) If the horse begins a 2-minute ride point to the observer, at point D, 
at the end of a typical ride, whose at its maximum saddle height, and that the direction of rotation 
duration is 2 minutes. If the radius what is the saddle height at the is counterclockwise, from D to B. 
from the center of the carousel end of the ride? 
to the horse and rider at the start (b) Is this distance function periodic? 
of the ride is the initial side of an 4. Visitors love to take pictures and Is its graph sinusoidal? Explain. 
angle and if the radius from the videos of their children riding the 
center to the horse and rider at the carousel. Suppose that an observer (c) Determine an equation for the 
end of the ride is the terminal side, with a stationary, motor-driven video angle (ZCAB), as a function of 
what angle is made by the two camera is positioned 5 ft. from the time, that the camera would need 
radii? Again, ignore the vertical closest position of a particular rider to make to keep the rider in view. 
motion of the horse and rider. on the outer ring of the carousel. To Let angles to the right of segment 

keep this rider in view for the video AC be considered positive and 
3. (a) The height of the horse is con- camera, the observer would need those to the left negative. Obtain a 

trolled by the upside-down to consider the changing distance graph of this function. 
U-shape portion of the sweep arm between the rider and camera as well 
(see photograph 4). Each horse’s as the changing angle. (d) Explain why the graph of the 
pole is moved up and down by the angle function has the shape that 
6-in. offset from the shaft. The (a) Figure 2 shows the video camera it does. Refer to the rider’s circu- 
horse shown in photograph 5 at point A and the rider at point B. lar motion on the carousel and the 
is at its maximum saddle height Determine an equation for the camera’s stationary position. 
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MATHEMATICAL LENS solutions 


1. (a) The sweep arm gear has 18 teeth, 
so 1 complete revolution of the 
carousel would involve 4 verti- 
cal cycles, or 4 revolutions of the 
sweep gear. Thus, there would 
be 72 advances of the teeth, giv- 
ing an angle advance of 5° for the 
carousel. 


(b) The 12-tooth gear aligned with the 
motor would drive the 72-tooth 
main gear 1/6 of 1 revolution of 
the carousel. Thus, 1 revolution of 
the electric motor gear would cor- 
respond to an angle of 60°. 


2. (a) The inner ring of the carousel is 
shown in figure 3. We can use 
either right-triangle trigonometry 
or the law of cosines to determine 
each radius. 

In triangle H,H,C, the measure 
of angle H,CM = 15°. If we use the 
given measures for the distances 
between horses, H,M = 62/2 = 


31 in. Then 
1 
sin 5° = oh 
a 
aOR 7 i 


If we convert to feet, the inner 
radius is approximately 10 ft. 


H, M 





Let’s use 


Sila 


~ [oR 


for the middle ring and 


Salley 


~ |ols 


for the outer ring. Converting to 
feet and rounding to the nearest 
half foot, we find that the middle 
ring has a radius of 12.5 ft. and the 
outer ring has a radius of 15 ft. 

We can also apply the law of 
cosines to triangle H,H,C, as 
follows: 


62° = 27° — 27’ cos(30) 


62° = r*(2-v3} 





ae 82 
2-3 
r= 119.77 in. 


(b) Because each revolution takes 


14 sec., a 2-min., or 120-sec., ride 
gives 120/14 = 60/7, or 8 4/7, 
revolutions. If we use 10 ft. as the 
radius of the inner ring, the cir- 
cumference is 207 ft., so the total 





distance traveled is about 539 ft. 
For the middle ring, the total dis- 
tance is approximately 673 ft., and 
for the outer ring it is about 807 ft. 


(c) Because the horse ends up 4/7 of 


a revolution past its starting point, 
the angle formed with the start- 
ing radius as the initial side of the 
angle and the ending radius as the 
terminal side is about 206°. 


3. (a) There are 4 vertical cycles in 


1 revolution of 14 sec., so the 
horse reaches its maximum height 
of 54 in. every 3.5 sec. Since the 
arm sweeps up and down 6 in. 
from the shaft, the minimum 
height of the horse is 54 - 12 = 

42 in. The graph in figure 4 
shows five key points in one 
period of the horse’s motion. 


(b) If we measure in radians, the 


height in inches as a function of 
time may be represented by 


Flt ye seo +48, 


The sinusoidal axis is halfway 
between the maximum of 54 and 
the minimum of 42, so we know 


(3.5,54) 


(2.625,48) 





Fig. 3 The distance between the horses Fig. 4 A horse's saddle height in inches can be graphed as a function of time measured in 
determines the radius. seconds. 
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angle very quickly when a ray 
from the camera is tangent to 

the ring the horse travels on and 
would be perpendicular to the 
centerline to that point. The cam- 
era angle at that point is 0.848 
radians, or 48.6°. Thus, mZACB 











Fig. 5 The graph shows the camera angle in radians as a function of time. 


that the curve is shifted up 48. 
The amplitude is half the differ- 
ence of the maximum and mini- 
mum heights, or 6. We also know 
that the period is t= 3.5, mean- 
ing that the frequency is 27/3.5 
= 47/7. Using the cosine curve 
enables us to avoid a horizontal 
shift, but a variety of sine func- 
tions would work as well. One 
such function is 


H(t)= gsin| 42 (12.095) +48, 


(c) Use one of the functions obtained 
in part 3(b) evaluated at t= 120 
sec. to find that the saddle height 
at the end of the ride would be 
around 46.66 in., or 3.89 ft. 


4. (a) Using the law of cosines, we have 
the following: 


AB? = 202 +15? -2-20-1500s| 


AB? = 625—600- cs 


“ps 625 —600-cos| 2 


(b) The function is periodic with a 
period of 14 sec., but because the 
function is a composition of the 
square root function and a trigo- 
nometry function, it is not a sinu- 
soid. The square of the distance, 
however, is a sinusoid. 


(c) We can use the law of sines to 
determine ZCAB: 





= (0.723 radians, or 41.4°. Since 
that central angle has a measure 
of mt/7 radians, the time to reach 
that point is 1.61 sec. The camera 
would have to move very quickly 
as the horse starts its revolu- 
tion, then pan slowly left until it 
reaches its minimum angle (maxi- 
mum negative angle), and then 
quickly come back to O over the 
last 1.61 sec. of the 14-sec. revolu- 
tion around the carousel—quite 

a challenge for someone photo- 





sin(ZCAB) Mi sin(ZACB) 
Cea AB 
15-sin 1 
u 


sin(Z CAB) ——————e graphing a horse and rider on a 
625—600cos z j oeO 
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The graph of the camera angle 
as a function of time is shown in 
figure 5. 
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(d) The maximum and minimum 
camera angles are about 0.848 
radians, or 48.6°, and — 0.848 
radians, or —48.6°. The camera 
will have to reach its maximum 
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More Than Numbers: 





The early grades set the foundation for students’ success in math- 
ematics in later grades. In these early grades, children develop the 
capacity to handle complex and sophisticated mathematics; become 
confident that they can attack problems; and learn to build a tool 
set of generalizations, skills, and concepts that can be used as they 
progress. We, as mathematics teachers, parents, and administrators, 
must regularly ask ourselves: 


* How can we help students acquire these generalizations, skills, 
and concepts? 

* How can we create mathematical experiences that engage young 
children while building robust understanding? 

¢ How can we help young students understand number concepts 
and learn to count and compute proficiently? 

¢ How can students not only learn facts about shapes, patterns, and 
measurement but also find generalizations that will help them 
solve more complex problems? 


Barbara Dougherty, Ph.D., University of Missouri—Columbia; 

Amy Lingo, Ed.D., University of Louisville; and Lynn Columba, 
Ph.D., Lehigh University, answer all these questions in NCTM’s 
new response-to-intervention (RtI) digital series Math of Tomor- 
row. Also known as MOTO, Math of Tomorrow is a series of 7 
interactive books available on iTunes, GooglePlay, Amazon, and the 
NCTM website, www.nctm.org/moto. 


¢ Clock Wise: Learning Time with the MOTO Family 

¢ What Comes Next? Making Patterns with the MOTO Family 

¢ Shapes and Sizes: Learning Geometry with the MOTO Family 

* One Foot, Two Feet: Measuring with the MOTO Family 

* Everybody Counts: Learning to Count with the MOTO Family 

¢ It All Adds Up! Learning to Add and Subtract with the MOTO 
Family 

¢ Bits and Pieces: Sorting and Representing Data with the MOTO 
Family 


Engage Young Children 


Creating high interest in mathematical concepts is key to helping 
students who struggle. Their engagement in tasks 

builds their understanding as well as their interest. 
In the MOTO series, tasks are— 





¢ Embedded in stories. Children work 
through mathematical situations as they 
see how each member of the MOTO fam- 
ily thinks about mathematics. For example, 
Addison uses reasoning while Multiplex uses 
guess and test. Mathematical situations are embed- 
ded in MOTO family stories as the characters build 
a playhouse, make gift boxes of gollywomples for their friends, 
take inventory in a pet store, or explore different types of clocks. 
The problems are linked to story contexts so that children attach 
meaning to concepts, algorithms, and vocabulary. 

¢ Linked to interactive explorations. Many students become 
passive learners in the classroom. Traditional paper-and-pencil 
tasks do not allow them to self-check or to practice concepts and 


Addison 


mores. 
ME as, 


skills as many times as they want. MOTO allows» 


children to complete tasks as many times as they 
need or like. 

* Given in video and text contexts or stories. 
Reading is an important skill for young children. 
However, providing only text-based materials may 
not be motivating. The video storyline creates a companion to the 
text so that students have more motivation for reading. 

* Included in game formats. Students have opportunities to learn 
and develop skills through games. For example, students compete 
against the MOTO family in the Card Shark game on page 124 
of It All Adds Up! The object is to use 4 numbers to create 2 two- 
digit numbers such that the difference is close to a target number. 
As students play, they develop estimation and computational 
skills. In other games, such as the Matching Game, students play 
individually. 


», 
fi 
\ s 
be 


Develop Number Concepts and Skills 


Building blocks for later mathematical experiences start with an un- 
derstanding of counting and number flexibility. Number flexibility, 
the ability to see a quantity in different ways, builds proficiency with 
computational algorithms. 

Number concept and skill tasks include 
opportunities to predict a reasonable 
count, count forward from | to X or 
backward from X to 1, and think of 
numbers related to groups of 10. 

Students should be able to predict by 
inspection (without counting) if a collection 
of objects is more than 10 or more than 20. 
Counting forward and backward leads to 
counting-on and counting-off strategies 
for addition and subtraction. In Everybody 
Counts, students have multiple opportuni- 
ties to practice these techniques. 

Thinking of quantities as groups of 10 helps children develop ro- 
bust algorithms for computations and an understanding of place val- 
ue. For example, in /t All Adds Up!, Mina uses a strategy of doubles 
subtract | to find a sum. In the interactive activities, students explore 
multiple strategies for computations; some are mental strategies, and 
others can be used in paper-and-pencil tasks. 





Multiplex 


Connect across Mathematical Topics 


Rather than seeing mathematics as a collection of isolated facts, 
algorithms, and vocabulary, children who struggle in mathematics 
should form links across multiple concepts and skills. 

In the MOTO series, children see connections across topics that 
at first glance may appear to be unrelated. For example, in One Foot, 
Two Feet, the concept of unit is developed in measurement contexts. 
Students come to understand that the size of the unit affects the mea- 
sure or count. If 2 units are each used to measure length, the count 
or measure will be different depending on the size of the unit. The 
smaller unit will produce a larger count or measure because it takes 
more of them to measure. This is related to counting a set or collec- 
tion of objects. The count changes depending on the unit used. 


For more information, visit www.nctm.org/moto 





MOTO Helps Children Who Struggle 


Make Generalizations 


By identifying patterns and generalizations, students can apply their 
understandings to other concepts and skills. Generalizations help stu- 
dents become proficient and retain a skill longer. If they forget a skill, 
generalizations allow them to recapture it. 

Tasks can promote generalizations. In Bits and Pieces, students 
explore ways to classify shapes. Students develop rules about shapes 
that are included or excluded from a group and are asked to explain 
how they created the groups. From the rules they used, they form 
generalizations about shapes. For example, if they put 
shapes that have 4 sides in a group, these shapes also ® 
have 4 angles. 


In It All Adds Up!, students create tables to help 
identify patterns. For example, as the number of 
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green gollywomples decreases by 1, the number of MOTO’s Card Shark Game helps students 
blue gollywomples increases by | but the total remains who struggle to develop estimation and 
the same. This is a powerful concept for addition— Split Pee Cire bo 

when one addend decreases by | and the other addend 4 
increases by 1, the sum remains the same. 








Login _ Table of Contents 


“| think | can use these ideas when | add 2 numbers.” 


Support Teachers 


Supporting students who struggle requires explicit instructional 
techniques, such as focusing students’ attention on particular aspects 
of a problem. Rather than telling students each step in the solution, 
scaffolding questions can help students become self-sufficient and “Well, adding 9 and 8 is hard for 


confident problem solvers. Each page of every MOTO book me to remember. | know that 9 + 9 
explores— equals 18. 8 is 1 less than 9, so | 
can subtract 1 from 18 to get 17.” 







* Common Misconceptions. As students encounter new concepts 
and skills, it is important to predict possible misconceptions or 
challenges. These have been identified so that teachers can be 
prepared. 

* Strategies and solutions. Many tasks have multiple solution 
paths. For example, in What Comes Next?, the many ways to 


Thinking of quantities as groups of 10 helps 
describe a pattern are described or illustrated for teachers. children develop algorithms for computations 

* Scaffolds. Modeling allows students to see a method or process and an understanding of place value. 
by which to gain a new skill. In One Foot, Two Feet, for example, 
students have additional support to learn how to directly compare 
lengths. 

* Questions. Suggestions for teacher prompts extend beyond factual 


questions (such as, What is the sum of 8 and 
4?) to questions that push students to think 
more deeply. For example, asking students 
to “find 3 pairs of numbers whose sum is 
12” allows multiple solutions while giving 
all students the opportunity to respond. 

* Extensions. Some students need additional time Mina 
or more opportunities to learn. To support these 
students, additional resources are available in an ancillary product 
called Teacher Connect, a website that allows teachers to see 
student work and correlate the lessons to the Common Core State 
Standards for Mathematics, available at www.nctm.org/moto. 





Tap to make 
7 new shapes. 


These resources include conceptual and skill-based tasks. Ad- eae R Ruki Cac 
ditional tasks in the teacher notes can be used to extend students’ State Standards for Mathematics. 
learning opportunities. 
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Can one infinity be more than another infinity? 
Ask students this question, and many will be 
puzzled; others will insist that “infinity is infin- 
ity.” The question seems to pique their interest and 
provides an opportunity to present the beautifully 
simple but counterintuitive proofs concerning the 
size of infinity first constructed by Georg Cantor. 
Such a question may not appear to fit within 
certain specific content, but the concept of infinity 
emerges within many contexts throughout the sec- 
ondary school curriculum, from first-year algebra to 
BC Calculus. When graphing, students must think 
about what happens as a function goes toward posi- 
tive and negative infinity or what it means for an 
equation to have an infinite number of solutions. In 
calculus, students begin to think about getting infi- 
nitely close to a point without ever getting there. 
The idea of infinity in relation to these topics is 
often glossed over in a procedural treatment that 
ignores the possibility of allowing students to expe- 
rience deeper levels of mathematical reasoning. 
Two other topics in the secondary school cur- 
riculum closely related to infinity are one-to-one 
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and onto functions, which have clear connections to 
Cantor’s work. A function is one-to-one if each out- 
put value is the image of a unique input; a function 
is onto if each element in the range is an output for 
some input value from the domain. Too often, stu- 
dents get little exposure to one-to-one and onto func- 
tions. Examples typically include a finite list of num- 
bers in a domain and range with arrows connecting 
these values for students to interpret. Figure 1 is an 
example from an online teacher resource manual. 

The approach shown in figure 1 ignores the 
underlying importance of infinity in deciding 
whether a continuous function is indeed one-to-one 
or onto. Instead, students may be introduced to the 
horizontal and vertical line tests, which they can 
use on graphs to check whether continuous func- 
tions are one-to-one, onto, or both. This type of pre- 
sentation ignores not only the underlying impor- 
tance of infinity but also the historical development 
of the concepts of one-to-one and onto. These 


concepts relied on important and once-challenged 
_ assumptions, transforming many ideas about the 


concept of infinity and leading to surprising results. 
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Source: Larson and Hostetler (2011) 








Fig. 1 A common textbook approach to one-to-one functions represents a 
relationship between two finite sets, an approach that tends to ignore the 
underlying significance of infinity. 


The significance of infinity is supported by 
NCTM’s Standards (2000), which underscore the 
importance of developing a deep understanding 
of very large numbers as well as comparing and 
contrasting the properties of different number sys- 
tems at the secondary school level. Further, these 
Standards emphasize the importance of students 
analyzing and evaluating the mathematical think- 
ing, arguments, and proofs of others. A historical 
exploration of Cantor’s proofs concerning infinite 
sets is one way in which teachers can develop stu- 
dents’ understanding of different sets of numbers 
while allowing students to evaluate and critique the 
mathematical arguments of others. 


A BRIEF HISTORY 

Georg Cantor (1845-1918) worked in many 
branches of mathematics, although his most impor- 
tant contributions came in the field of set theory. 
Cantor is the father of set theory, which has had an 
effect on almost every branch of mathematics (Eves 
1990). Cantor both asked and answered mathemat- 
ics questions never before asked, and his work is 
sometimes said to be the first original mathematics 
since the ancient Greeks (Dunham 1991). 

One of Cantor’s most important insights was to 
conceptualize an infinite set, such as the real num- 
bers or integers, as a mathematical object whose 
properties can be examined even though construct- 
ing the entire set is impossible (Berlinghoff and 
Gouvéa 2002). Two prominent mathematicians 
of the time, Carl Gauss and Leopold Kronecker, 
both objected to this notion. Gauss believed that 
one could speak of infinity only as an imaginary 
idea—not as a mathematical object—and disputed 
that an infinite set of objects could be considered a 
complete one (Dunham 1991). Kronecker believed 
in mathematical objects that could be constructed 
only in a finite number of steps; thus, he did not 
consider sets of infinite numbers to be math- 
ematical objects (Berlinghoff and Gouvéa 2002). 
Kronecker viewed Cantor’s concept of a complete 
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infinite set dangerous and attacked this idea 
throughout Cantor’s life (Berlinghoff and Gouvéa 
2002). 

Despite the criticisms, Cantor held fervently to 
his ideas about infinity and set out to devise a way 
to compare these infinite sets (Dunham 1991). 
With finite sets, we can simply count the number 
of elements in each set to determine whether they 
have the same number of elements. However, with 
infinite sets, Cantor declared that two sets were 
equivalent if there was a rule that related every 
element of one set to a unique element of the other 
set and vice versa (Dunham 1991). In Cantor’s 
work, the idea of a law or relation did not require 
a function definition but was simply an organized 
and systematic way to ensure that all the elements 
of one set could be matched with all the elements 
in another set. One way to visualize this concept is 
to establish a relationship so that each infinite set 
can march side by side to infinity, regardless of the 
individual components of each set; then the two 
sets are equal in size. 

In modern terminology, we would say that this 
relationship is both one-to-one and onto, although 
Cantor phrased this relationship as a one-to-one 
correspondence between the two sets. When two 
infinite sets have a one-to-one correspondence, we 
say that they have the same cardinality. Armed 
with the idea of one-to-one correspondence and 
the premise that infinite sets are complete objects, 
Cantor explored the cardinality of different sets, 
resulting in amazing and unintuitive results. What 
follows are examples and proofs similar to those 
offered by Cantor. 


THE MATHEMATICS OF INFINITY 
First, let’s explore the relationship between the set 
of natural numbers N = {1, 2, 3,...} and the set of 
positive even integers E = {2, 4, 6,...}. Intuition 
tells us that because the set of natural numbers con- 
tains all the positive even integers, there should be 
more natural numbers than there are positive even 
integers. Further, students may argue that the natu- 
ral numbers have twice as many numbers when 
compared with the positive even integers because 
the natural numbers are made up of the positive 
even and positive odd integers equally. However, 
we can match each integer with its double: 1 cor- 
responds to 2, 2 corresponds to 4, 3 corresponds to 
6, and so on. In doing so, we create a mapping from 
all the natural numbers to all the positive even inte- 
gers such that each natural number corresponds to 
a positive even integer and each positive even inte- 
ger corresponds to a natural number (see fig. 2). 
We have established a relationship such that the 
elements of both infinite sets march side by side to 
infinity and are therefore equal in size. Connecting 


this relationship to algebraic functions, we see that 
the function f(n) = 2n, where n is a natural num- 
ber, gives a one-to-one correspondence between 
the natural numbers and the positive even integers, 
meaning that the two sets have the same cardinal- 
ity. Hence, there are as many natural numbers as 
there are positive even integers. 

Next, we can compare N to the integers Z = 
(o> 2) 1 ORS B eee} a Becatise Z con: 
tains the set N as well as all the negated values of 
N, it would seem that Z is at least twice as big as 
N. However, if we can find an organized way to 
arrange the two sets so that there is a one-to-one 
correspondence between them, they must have the 
same cardinality. Rewriting the integers as {0, 1, 
—1, 2, -2, 3, -3, 4,...}, we see the following one- 
to-one correspondence (see fig. 3). 

Examining figure 3, we see that we have cre- 
ated a chart in which the natural numbers and the 
integers march together toward infinity, meaning 
that the two sets are the same size. Defining an 
algebraic function for this relationship may not be 
easy, but the chart serves as proof that there is a 
one-to-one correspondence. (The corresponding 
formula for this relationship is 


i (-1) (2n = 1) 
a (x) =, 
4 
where 7 is a natural number.) 

Realizing that our intuition may not be serving us 
well, we move to comparing N with Q, the set of all 
fractions in simplest form. Not only does Q contain 
all the natural numbers, but it also contains all frac- 
tions. Hence, each natural number will be used as 
the numerator and the denominator of different frac- 
tions, leading many students to guess that these two 
sets cannot be the same size. Looking for a one-to- 
one correspondence, we first make an organized list 
of the rational numbers. To do so, we create a two- 
dimensional chart (see fig. 4) in which the elements 
of the nth row have n as a denominator; in each 
column, the numerators correspond to the integer 
in the numerator of the top row. The exception is 0, 
which will be paired with the natural number 1. 

We see that this chart, continuing both vertically 
and horizontally, would include all the rational 
numbers (except 0, which is matched to 1). Now 
we need to devise a way to put the rational num- 
bers in this chart in a one-to-one correspondence 
with the natural numbers. To do so, we will follow 
the pattern shown in figure 5. 

Start from the cell in the top-left corner, 1/1, and 
move down one cell to 1/2. Next, move along the 
diagonal up and to the right to -1/1. Now move to 
the right one cell to 2/1. Moving down and to the 
left along the diagonal, we reach 1/3. Now we move 











EE 


Fig. 2 Pairing natural numbers with their doubles shows that N and E have the 
same cardinality. 
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Fig. 3 A one-to-one correspondence can be established between the natural numbers 
and the integers. 
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Fig. 4 This arrangement can be used to establish a correspondence between N and Q. 
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Fig. 5 Following this path establishes the correspondence. 


down one cell and again move up and to the right 
along the diagonal again, skipping any repeated val- 
ues—for example, 2/2 = 1/1. On eventually reach- 
ing the top, move to the right one cell and then 
move along the diagonal down and to the left. 
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We are able to create a rule so that the two sets 
march together toward infinity, meaning that there 
is a one-to-one correspondence between the natural 
numbers and the rational numbers. Hence, they 
have the same cardinality. 

At this point, we have established that N, Z, 
and Q are all the same size, seemingly contradict- 
ing many of our intuitions. So far, only one size, or 
cardinality, of infinite sets appears to be possible 
because every set that we have looked at so far 
has a one-to-one correspondence with the natural 
numbers. 

The next set we look at is the real numbers, 
which comprise the rational and the irrational 
numbers. Rather than looking at the entire set of 
real numbers, we will instead look at the set of all 
real numbers between 0 and 1 (seemingly a much 
smaller subset of the real numbers). There is no 
obvious way to create a one-to-one relationship 
between this set and the set of natural numbers 
that gives a one-to-one correspondence. However, 
if we assume that we have such a correspondence, 
we notice something interesting. 

First, let’s assume that we have a one-to-one 
correspondence between N and the real numbers 
between 0 and 1 (see fig. 6). The right column of 
the correspondence shown in figure 6 is chosen 
arbitrarily from the infinitely many possible real 
numbers between 0 and 1. In the nth row, a, rep- 
resents the first digit of the nth decimal expansion, 
a, represents the second digit of the nth decimal 
expansion, a, represents the nth digit of the nth dec- 
imal expansion, and so on. Because we are assum- 
ing a one-to-one correspondence, all real numbers 
between 0 and 1 will be on this list. However, we 
can construct a real number not on this list. 

To start, we look at the first digit of the real 
number in the first row of the chart in figure 6—in 
this case, 4. For our new number, we choose any 
value between 1 and 8 except for 4 (we ignore 9s to 
prevent a case in which 0.099999999....=0.1). We 












ON838503" a. 
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Fig. 6 An indirect argument can be used to establish the 
relationship between the natural numbers and the reals. 
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will pick 2, and our new irrational number starts 
as 0.2. For the second digit of our new number, we 
look to the second digit from the irrational in the 
second row of the chart—in this case, 9. Again, we 
pick a number other than 9, so we pick 7, mean- 
ing that our new irrational continues to 0.27. For 
the third digit, we go to the irrational in the third 
row—in this case, 0—and instead choose 5. Now 
our new irrational becomes 0.275. 

We can continue this procedure for each of the 
infinite numbers in our list, always making sure 
that the nth digit (a,) in our new number is differ- 
ent from the nth digit of the real number in the nth 
row. Hence, the number we are creating is different 
from every number on the list, at least in the nth 
digit. Thus, our new number is not on the list. 

Using a proof by contradiction, we have found 
that there is not a one-to-one correspondence 
between the natural numbers and the set of real 
numbers between 0 and 1; thus, the two sets are 
not the same size. Dunham calls this Cantor’s diag- 
onalization process (Dunham 1991). 


IN THE CLASSROOM 

There are many points in the secondary school cur- 
riculum at which teachers can introduce Cantor’s 
ideas and beautiful proofs concerning infinity. One 
such point is when introducing the concept of one- 
to-one and onto functions during a series of lessons 
on inverse functions. Instead of presenting students 
with a few basic examples of one-to-one functions 
before teaching the horizontal line test, teachers 
can ask students which set they believe is larger— 
the natural numbers or the set of positive even inte- 
gers. This question can lead to an engaging conver- 
sation in which students make various conjectures, 
some believing that all infinities are the same and 
others guessing that the natural numbers will be 
larger. Teachers can then present Cantor’s proofs, 
allowing students to critique and question the argu- 
ments along the way. 

This approach not only allows students to 
review concepts concerning sets of different size, 
explore the idea of one-to-one correspondence, and 
analyze and critique the arguments of others. It also 
shows the need for the concepts of one-to-one and 
onto—namely, the requirement to find relation- 
ships between two infinitely large sets. 

Exploration of these ideas brings forth and 
reviews students’ understanding of the different sets 
of numbers—including natural numbers, integers, 
rational numbers, and irrational numbers—all of 
which appear in the Common Core State Standards 
(CCSSI 2010) and NCTM’s Standards (NCTM 
2000). Further, analysis of these proofs allows stu- 
dents to look for and make use of structure, reason 
abstractly, and express regularity in repeated 


reasoning, all important mathematical practices 
defined in the CCSSM (CCSSI 2010). Although a 
unit on inverse functions is one opportunity to intro- 
duce these elegant arguments and proofs, it is not the 
only point at which these proofs would be helpful in 
piquing students’ interest. 

Cantor’s arguments and proofs were ground- 
breaking for his time and had far-reaching implica- 
tions for many types of mathematics. However, 
they are so simple and elegant that most secondary 
school mathematics students can understand them. 
By bringing historically significant proofs into their 
classrooms, teachers can connect multiple math- 
ematical ideas in powerful ways and lead to other 
links between mathematics concepts and the his- 
tory of mathematics. 
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Add 


uch of what we teach, especially in col- 
lege, is designed to support other disci- 
plines. To determine the current math- 
ematical needs of twenty-three partner 
disciplines, the Mathematical Association of Amer- 
ica (MAA) conducted the Curriculum Founda- 
tions Project (Ganter and Barker 2004; Ganter 

and Haver 2011), as discussed in the appendix 
(www.nctm.org/mt042). Overall, the recommen- 
dations from the partner disciplines reflected an 
amazing degree of unanimity. 

One surprising recommendation was to intro- 
duce functions of several variables into introductory 
mathematics courses. To most mathematicians, this 
concept probably suggests partial derivatives, gradi- 





104 MATHEMATICS TEACHER | Vol. 107, No. 2 * September 2013 






The idea of a function of several variables—important in other 
disciplines—can be introduced in secondary schoo! mathematics courses. 


ents, and multiple integrals—topics not accessible 
before calculus. Physicists, economists, and chem- 
ists, for instance, have a different interpretation; 
they want the same multiple representations—sym- 
bolic, numerical, and graphical—that are the main- 
stays of algebra through calculus. In this article, we 
discuss how these multiple representations apply to 
functions of two variables in intermediate algebra 
or precalculus and provide examples to illustrate the 
request of the partner disciplines. 


NUMERICAL REPRESENTATIONS 

In most fields, we routinely encounter information 
through tables that often are sets of values depend- 
ing on two distinct quantities. For instance, the 


windchill factor C adjusts temperature readings T 
to take into account the wind speed W to measure 
how cold it feels. Table 1 shows some values for C, 
with C and T in degrees Fahrenheit and W in miles 
per hour. Thus, if T= 20° and W = 25 mph, the 
windchill factor is C = 3°. 

Students in courses in many other fields are 
expected to read and interpret such tables and 
perhaps even create them. This process involves a 
considerable amount of mathematical understand- 
ing and reasoning and is not as simple for many 
students as we might anticipate. 

We start with a simpler example (see table 2). If 
we carefully examine the values of z, we will notice 
that, along every row, each successive value of z is 





3 more than the previous value. That is, for each 
value of y, the row is a linear function of x and the 
slope of that line, m,, is 3. Similarly, down every 
column, each successive value is 30 more than the 
previous value. That is, for each value of x, every 
column is a linear function of y and the slope of 
that line is m, = 30/5 = 6. Thus, z is a linear func- 
tion of the two variables x and y, and the resulting 
equation is z= 3x + 6y - 11. The constant, -11, 
is the value of z that corresponds to x = y = 0 and 
is the vertical intercept. More generally, the slope- 
intercept form for a linear function of two variables 
1S12 (dp Hh) SU OD, 

The parallels with standard ideas about linear 
functions are very clear. Introducing functions of 
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Table 1 Some Windchill Factor Values (in °F) 


Wind Speed (W) 
(in mph) 








several variables is not just a matter of adding a 
new dimension to algebra or precalculus. It also 
provides an opportunity to reinforce fundamental 
concepts about linearity while introducing students 
to notions that are important in other subjects. For 
instance, students can be asked to find the equation 
of linear functions across different rows or down 
different columns, and the teacher can compile the 
results on the board. In the process, these ideas 
clearly connect to topics that students have seen 

in real life and that they can appreciate as being 
important. 

In practice, few functions that model data found in 
tables are linear. If we examine the rows and columns 
in table 1, it is clear that neither data set is linear. 
(The actual formula for the windchill factor is 
C=35.74+4+ 0.6215T - 35.75W°'+ 0.4275TW °°, 
with Tin °F and W in mph, although we would not 
recommend having students work with it.) Conse- 
quently, trying to predict windchill factors when val- 
ues for T and W are not listed is challenging for many 
students. Whereas other disciplines did not mention 
interpolation, many emphasized that students need 
to work with proportions; certainly, mathematicians 
realize the importance of proportional reasoning. 
Thus, introducing problems involving interpolating in 
tables may be valuable. 

To illustrate, let’s estimate the windchill factor 
corresponding to T= 18° and W = 23 mph. We 
use the nearby point T= 15° and W = 25 mph, 
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Temperature (T) (in °F) 














where C = -4°. In the direction of increasing T, the 
slope of the function is approximately 7/5 = 1.4, 

so C increases by approximately 1.4° for every 1° 
increase in temperature. Therefore, corresponding 
to an increase of 3°, C changes by roughly 3(1.4) 

= 4.2°, with W a constant 25 mph. Similarly, in 
the W direction, when T= 15° and W = 20 mph, 
the slope is roughly -1/5 = -0.2, so C decreases by 
approximately 0.2° for every 1 mph increase in 
wind speed. Therefore, if W increases by 3 mph, 

C changes by roughly 3(-0.2) = -0.6°, with Ta 
constant 15°. Consequently, the total change in C 
is approximately 4.2 — 0.6 = 3.6°, and we estimate 
that when T= 18° and W = 23 mph, C=-4+ 4.2 - 
0.6 = -0.4°. Is this result reasonable? 

Most of the fundamental concepts of functions 
of one variable extend in natural ways to functions 
of two variables. The formal definition of a func- 
tion z = f(x, y) says that for every possible pair of 
x- and y-values, there corresponds precisely one 
value of the dependent variable z. In terms of the 
windchill factor, if a value for T and a value for 
W lead to two different values for C, then table 1 
would not satisfy the definition. 

The notions of domain and range similarly 
extend to functions of two variables. The domain 
consists of all possible pairs of values (x, y), and 
the range consists of all corresponding values of the 
dependent variable z that arise. For instance, with 
the windchill factor, the values shown for T extend 


from 0° to 35°, and those shown for W extend 
from 5 to 30 mph. If these are the only possible 
values for T and W—that is, if the function cannot 
be extended beyond the values in the table—then 
we have the domain. Table 1 shows that the cor- 
responding values for the windchill factor C extend 
from —44° to 33°; this would be the range. 

Presumably, we could extend the values for T— 
say, from a minimum of -40° to a maximum of 45° 
(windchill likely would not make sense at warmer 
temperatures). W could be extended from 0 mph 
(we cannot have a negative wind speed) to a high 
of 60 mph. The resulting domain is T between —40° 
and 45° and W between 0 and 60 mph. The range 
would consist of all the associated values for the 
windchill factor. The full table of windchill temper- 
atures is available on the National Weather Service 
website at http://nws.noaa.gov/om/windchill/. 

We can also extend the fundamental notions 
about the behavior of functions to describe the 
behavior of functions of two variables. With a uni- 
variate function, recognizing increasing or decreas- 
ing behavior graphically or numerically is simple. 
But a multivariate function can increase as both 
independent variables increase; it can decrease 
as both variables increase; or it can increase as 
one variable increases and decrease as the other 
increases. Comparable issues arise with concavity. 

With the windchill factor, as T rises and W 
remains fixed (looking horizontally from right 
to left along each line of the table), the values for 
C increase. Thus, C is an increasing function of 
T. Alternatively, as W rises and T remains fixed 
(looking down each column), C gets smaller and 
eventually more and more negative. Thus, Cis a 
decreasing function of W. 

Moreover, because C does not change linearly 
in either direction, questions of concavity come 
into play. When C increases, does it increase at 
an increasing rate or a decreasing rate? When it 
decreases, does it decrease at an increasing rate or a 
decreasing rate? Alternatively, in a somewhat more 
dynamic form: Does C increase faster at low tem- 
peratures or at high temperatures? Does C decrease 
faster at low wind speeds or at high wind speeds? 
Questions such as these make for good classroom 
discussions that engage students or for homework 
problems that require students to think carefully 
about the mathematical and practical issues. 


GRAPHICAL REPRESENTATIONS 

When mathematicians hear the words “graph of a 
function of two variables,” they invariably think 
of surface plots. In almost all other disciplines, the 
standard graphical depiction is a contour diagram, 
or contour map. Figure 1 shows the contour dia- 
gram for the heights (in feet) of the terrain on a 


hypothetical island. Each contour, or level curve, 
connects points that are all at the same height. The 
shore around the island is at sea level, so it is rep- 
resented as the closed contour with height 0 feet. 
The other contours are all multiples of 500 feet. For 
instance, the 1000 contour represents all heights 
that are 1000 feet above sea level. As such, these 
contour curves form a series of closed loops. 

Moreover, the contour map shows three distinct 
groups of closed loops, with each successive contour 
smaller in size and larger in value. Each of these 
nested loops represents a mountain. The peak toward 
the left is slightly higher than 3000 feet; the one to 
the right is somewhat higher than 2000 feet; and the 
one in the upper center is higher than 3500 feet. 

Clearly, the level curves represent a sample of 
heights; it is not possible to give the height of every 
point. However, one of the “rules” for creating 
contour plots is that a uniform interval, or contour 
interval, exists between contour values. The con- 
tour interval in figure 1 is 500 feet. 

The absence of a contour also provides useful 
information. In figure 1, the highest contour is 
3500 feet. If the height reached 4000 feet at any 
point, we would see a 4000-foot contour. There- 
fore, the maximum height must be between 3500 
and 4000 feet. 

Another rule for contour plots is that different 
contours cannot intersect. If they did, then there 
would be two different “heights” associated with a 
single point, a condition that violates the definition 
of a function. Realistically, such an intersection can 
happen in nature—if there is an overhang in the 
terrain, for instance. 

Consider the contour diagram in figure 2, 
which shows heights in San Francisco, known 
for its hilly terrain. For reference, the horizontal 
distance between California Street and Clay Street 
is about 600 feet. Students could be asked, for 
instance, to estimate the height of Nob Hill, the 
height at the intersection of Clay and Grant Streets, 





Fig. 1 This contour map indicates three mountains on the 
island. 
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Fig. 2 The distance between California and Clay Streets in 
San Francisco is approximately 600 feet. 


or the slope of the climb from Clay and Grant 
Streets to the top of Nob Hill. 

We can extract considerably more information 
from a contour diagram than just the height at the 
points along the contours. The relative distances 
between adjacent contours tell us much about the 
behavior of the quantity being investigated (see 
fig. 3). Regions where the successive contours are 
far apart indicate that the function is relatively 
constant, so any changes are slow and, therefore, 
the slope is small. Alternatively, regions where suc- 
cessive contours are close together indicate that the 
function changes rapidly, so the slope is large. 

Given the scale for a contour diagram, students 
can apply some simple ideas on slopes to estimate 
the slope of a terrain or the rate at which any 
quantity changes. All that is required is to select 





Fig. 3 The spacing between successive contours is sometimes difficult to discern. 
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points on two different contours (so that we know 
the change in “height”), measure the distance 
between the two points, and use the usual formula 
for the slope to estimate its value. As such, this is 
another way to reinforce earlier ideas on linear 
functions. 

Students can engage in other, more exploratory 
activities. For instance, sediment from Catalina 
Island, off the coast of California, has created an 
underwater trench, the Catalina Canyon, along 
which silt flows to the sea floor. Students, either 
individually or in small groups, can be asked to 
locate the head of this “canyon” and draw a curve 
tracing the path of the silt flowing down the trench. 
Or they can be asked to identify areas that might 
be good for a beach or for snorkeling. Students can 
then be asked to use the Internet to verify whether 
a beach does exist near where they predicted. (For 
other examples and related classroom activities, see 
Fey and Heid [1995], Gordon and Gordon [2010], 
and Souhrada [2006].) 


SYMBOLIC REPRESENTATIONS 

When teachers from other disciplines talk about 
students needing to know about functions of sev- 
eral variables, they usually mean that students need 
facility working with certain basic formulas that 
represent important relationships among three (or 
more) quantities. In chemistry, a key principle is 
the ideal gas law, PV = nRT, which relates the pres- 
sure P of a gas, its volume V, and the temperature 
T; n 1s the number of moles, and R is a constant. 
Chemistry teachers assign students problems in 
which two of the variables are given and students 
have to solve for the third. 

A famous biological model relates a person’s 
surface area S (in in.”) to his or her height H (in 
in.) and weight W (in lb.) through the formula S = 
15.64W °**H°”*. Some typical questions might be 
these: Estimate the surface area of a person whose 
height is 70 in. and whose weight is 180 lb., or 
estimate a person’s weight whose surface area is 
3500 in.’ and whose height is 65 in. 

Similarly, one version of the Cobb-Douglas 
model in economics relates production P (the mon- 
etary value of all goods produced) to the labor input 
L and the capital input K through the formula P = 
AL°K'*,0<a< 1. Economists expect students to 
solve for one of the variables given the other two. 

These examples may not seem like deep math- 
ematics, but they can be challenging to students 
in those other, nonmathematics courses, possibly 
because the variables are not xs and ys. 

Another classroom suggestion is to have stu- 
dents change the units in the body-surface-area 
model from in.-lb.-in.” to m-kg-m’ or cg-kg-m’ to 
create comparable formulas. 


Students in these other fields are also expected 
to interpret and use contour plots for similar func- 
tions. Although we addressed the issues involved in 
interpreting contour maps, we did not indicate how 
we would construct them according to a formula. 
This can be a classroom activity at the algebra or 
precalculus level that, again, provides the opportu- 
nity to remind students about the behavioral prop- 
erties (increasing vs. decreasing, concavity) and 
algebraic properties of various families of functions. 


A Classroom Activity 

Suppose that the contour diagram for the human 
surface area function, S= 15.64W °**H°”. is to be 
plotted with H horizontally and W vertically. Have 
students answer the following questions: 


1. Determine the shape of the contours. The level 
curves associated with functions such as these are 
typically increasing and concave up, increasing 
and concave down, decreasing and concave up, or 
decreasing and concave down. Decide which pos- 
sibility is correct. As a start, pick a value—say, S = 
3400 in.°—substitute it into the formula, and solve 
algebraically for W as a function of H. Then use 
knowledge of the behavior of power functions to 
deduce the shape of the contours. 


2. Do successive contours get larger or smaller in a 
certain direction? That is, as you move upward and 
toward the right, for example, do the successive con- 
tours correspond to larger or smaller values for S? 
Hint: Use the S = 3400 in.’ contour from part (1) as 
a baseline and decide whether the “next” contour in 
that direction is S = 3300 in.” or S = 3500 in.’ 
Alternatively, we can argue in a more dynamic 
though less precise way. What should happen to 
the surface area if both height and weight increase? 
Although not conclusive, a good model should reflect 
the underlying process, and students should learn to 
develop their mathematical intuition to understand 
and predict what will likely happen with a model 
with respect to reasoning and sense making. 


3. Does the spacing between successive contours 
increase or decrease? Students can use the two 
contours from parts (1) and (2) along with a third 
contour—say, S = 3200 in.’ or S = 3600 in.’-—to 
decide whether the distances between the succes- 
sive contours increase or decrease with help from 
a graphing calculator. A little effort to generate an 
appropriate window in which all three curves can 
be seen clearly may be required, and sometimes 
deciding whether the spacing is increasing or 
decreasing can be rather hard. Prediction is difficult 


Call for Nominations 
2014 Board of Directors Election 


Each year, NCTM’s Board of Directors makes important 
decisions that set the direction for the Council and 
mathematics education. The Board needs a broad 
representation of NCTM membership to benefit its 
discussions, inquiries, and decisions. In 2014, members 
will be electing a President-Elect and four Board members 
that ensure the balanced representation required by 

the bylaws. 


NCTM has among its members many talented, energetic 
individuals who are qualified to assume leadership roles in 
the Council. The Nominations and Elections Committee 
needs your help in identifying these members by nominating 
them for President-Elect or Board Director positions. 


7 
(X ‘) | NATIONAL COUNCIL OF 


NCTM 


TEACHERS OF MATHEMATICS 





Do you know someone who would bring valuable 
experience, perspective, and judgment to the Board? 
Nominate that person! 


Would you be willing to serve on the NCTM Board of 
Directors? You can have a great impact on 
mathematics education at the national level. 


For qualifications and responsibilities of NCTM directors 
and officers, school incentives for Board service, or to 
submit the names of nominees to the Nominations and 
Election Committee by completing the online nominations 
form go to: www.nctm.org/nominations. The chair of the 
committee will invite the nominee to complete an 
application after the first of the year. 
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Fig. 4 Contour lines here are parallel and equally spaced, as one would expect. 


in this case, as seen in figure 3, although the spac- 
ing appears to be increasing, albeit very slowly, as S 
increases from 3200 to 3600. 


CONTOUR PLOTS OF LINEAR FUNCTIONS 
What does the contour plot associated with a linear 
function z = ax + by + c look like? There are several 
ways to proceed. 

One approach is to use some algebra. Let’s start 
with a simple application—the number of calories 
C in a peanut-butter-and-jelly sandwich. One brand 
of peanut butter contains 6 calories per gram and a 
brand of jelly contains 2.5 calories per gram. White 
bread contains 75 calories per slice, so the total 
number of calories is C= 150 + 6P + 2.5/. Students 
can be asked to consider the contours correspond- 
ing to, for example, C = 100, 150, 200, . . . to pro- 
duce the normal equations for a set of lines and 
observe that they are all parallel (the same slope) 
and appear to be equally spaced (see fig. 4). 

Alternatively, we can use a simple equation—for 
instance, z= 2x + 3y + 1. Students can be asked to 
create a table such as table 2 (although a larger table 
with more entries might be more effective), plot all 
the points on a sheet of graph paper along with the 
associated values of the function z, and then connect 
the points corresponding to the same values of z. (If 
the table is extended far enough, most of the values 
of z will occur at least three times, giving a much 
more dramatic impact.) The results will again be a 
series of parallel, equally spaced lines. A third some- 
what more sophisticated but generalizable geometric 
argument can be found at www.nctm.org/mt04s2. 


CONCLUSIONS 

At the college level, the overwhelming majority 

of students who take introductory mathematics 
courses do so to fulfill requirements for other disci- 
plines. This approach is quite different at the high 
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school level, where mathematics requirements are 
imposed districtwide or statewide. Nevertheless, 
offering courses that meet the needs of both stu- 
dents and colleagues in other disciplines is critical. 

Such courses are particularly helpful if we can 
introduce such topics in ways that develop and 
reinforce fundamental mathematical topics in stu- 
dents’ minds while extending these topics in new 
directions. From the perspective of teachers in 
other fields, such courses provide their students a 
more solid mathematical foundation that directly 
supports the work done in those other courses 
and, further, allows teachers to increase the level 
of mathematical sophistication. In turn, such 
courses can encourage many students to take more 
advanced mathematics electives because they see 
mathematics’ value in other fields. 
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ey | A student question and the process it 

: generates demonstrate the importance 

| of student-initiated tasks in implementing 
e : the SMP in the Common Core Standards. 


Kasi C. Allen 


he Common Core State Standards challenge us to foster vibrant and 
interactive mathematics learning communities in our classrooms, 
communities in which the student-teacher hierarchy gives way to col- 
: lective ownership of the mathematics as all work together to generate 
ae and refine mathematical ideas. Within the Common Core (CCSSI 2010), the 
Standards for Mathematical Practice (SMP) portray a vision of content-rich 
classes in which students are engaged in frequent problem-solving experi- 
ences that compel them to persevere, use a variety of tools, and develop 
powerful arguments that include not only their own ideas but also those 
of others—all with precision, strategic thinking, and growing awareness 
of the powerful structures underlying mathematics as a discipline (see 
fig. 1). Teachers who truly commit to creating such classrooms must 
acknowledge the value of empowering students to generate their own 
problems and prepare for the pedagogical adventure that ensues. 
This is the story of such a student-initiated problem, a seemingly 
simple question posed by students in my geometry class years ago: 








How many triangles can you make on a geoboard? 
Facilitating the discussion and exploration that followed changed me as a teacher. 
Over the years, I have used the Geoboard Triangles problem with my students at various 


grade levels, from high school students to preservice teachers. The quest for geoboard 
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Standards for Mathematical Practice 
1. Make sense of problems and persevere in 
solving them. 

2. Reason abstractly and quantitatively. 

3. Construct viable arguments and critique the 
reasoning of others. 

. Model with mathematics. 

Use appropriate tools strategically. 

. Attend to precision. 

. Look for and make use of structure. 

. Look for and express regularity in repeated 
reasoning. 


COND Up 








Source: CCSSI (2010), p. 10 
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Fig. 1 The Standards for Mathematical Practice are designed 
to produce vibrant and interactive mathematics communities. 







sty coleio| nieve mais 


(b) 










Eee eevee 
Fig. 2 In their pursuit to find all the squares “hidden” 
in the checkerboard, students use multiple strategies to 
generate lists and tables. 


triangles never fails to provide adventure and truly 
reflects the instructional vision of the Common Core. 


DEVELOPING THE PROBLEM 
When my students first posed the Geoboard Trian- 
gles problem, our class had just finished solving the 
classic Checkerboard Squares problem: How many 
squares are in a checkerboard? (See fig. 2.) 

In the whole-class debriefing, small groups 
shared their strategies and findings, noting that 
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Fig. 3 Students represent 64 isosceles right triangles with 
legs 1 unit long. 








Fig. 4 Students experiment with 1 x 2 right triangles. 


once they could locate all 49 of the 2 x 2 squares, 
they readily found the rest. Many students pointed 
out the pattern of perfect squares in their tables. 
When the class talked about possible extension 
questions, students in one small group asked: 
“What if we used geoboards? What if we wanted to 
figure out how many triangles are on a geoboard?” 
(A geoboard is a square pegboard with 25 pins 
arranged in a 5 x 5 array.) My students, convinced 
that they would uncover another “hidden” numeric 
pattern, headed to the shelves for geoboards and 
rubber bands. 


Although arguably related, the Geoboard Tri- 
angles problem did not prove to be the extension 
of the Checkerboard Squares problem that my stu- 
dents had anticipated. It was far more complex than 
they had imagined. Issues of orientation, reflection, 
and rotation surfaced almost immediately, leading 
students to revise the original problem. 

Students began their initial triangle search by 
considering the case of right triangles with two 
equal legs 1 unit long (see fig. 3). They were espe- 
cially excited to find 64 of them; the perfect square 
contributed to their sense that the solution to this 
problem might involve a pattern similar to the one 
they had uncovered in the Checkerboard Squares 
problem. 

However, as students explored right triangles with 
legs 1 and 2 units long, respectively, some began rec- 
ognizing the problem’s inherent complications. They 
counted the yellow triangles (see fig. 4) and got 16. 
The reflection would give another 16. There were 
squeals of delight—“16 plus 16 is 32, and 32 is half 
of 64!” Then one student showed that a rotation of 
90 degrees clockwise would give another 16 triangles 
and that a rotation of 90 degrees counterclockwise 
would give yet another 16. Soon afterward, another 
student placed the green rubber bands as shown in 
figure 4, yielding another group of 8 triangles that 
could be translated similarly. The predicted pattern 
disintegrated. 

As students debated about what to do next, one 
group focused on isosceles right triangles and gen- 
erated a table similar to table 1. 

Another pair created the design in figure 5, 
announcing that these were the triangles that had a 
side length of V2. This discovery led to a discussion 
of “triangle types” and “triangle families” (students’ 
language). Students talked about how the isosceles 
right triangles behaved a little like the checkerboard 
squares. However, as a class, they seemed fairly awed 
by their growing awareness of just how many differ- 
ent triangles could be represented on a geoboard. 

This line of thinking led students to reformulate 
their question—How many unique triangles can be 
made on a5 x 5 geoboard?—and ultimately to the 
version of the Geoboard Triangles problem that I 
have offered my students ever since. Further class- 
room discussion clarified that what students meant 
by unique was noncongruent. I recommended replac- 
ing made with represented. The final reformulation 
then read: 


How many noncongruent triangles can be 
represented on a 5 x 5 geoboard? 


PURSUING A SOLUTION 
Over the years, I have documented patterns in the 
strategies that students use when encountering 









Table 1 Geoboard Isosceles Right Triangles | 


Length of Leg Length of Leg Number of Triangles 
Ps 
Oe A ee 
Gee 4 i) 


nee Een 








Fig. 5 One pair of students created triangles with side 
length equal to V2 units. 


the Geoboard Triangles problem for the first time. 
However, time has changed the tools that students 
have at their disposal—from physical geoboards 
and dot paper sketches to a range of computer- 
based applications—making it possible for students 
to represent their ideas more readily, organize their 
work, and arrive at a solution that they can verify. 
These tools and sources include the following: 


e “Making Triangles” applet (NCTM), available 
to NCTM members on its website: http://www 
nctm.org/standards/content.aspx?id=25007 

¢ Multiple geoboard applets offered by the 
National Library of Virtual Manipulatives: 
http://nlvm.usu.edu/en/nav/Vvlibrary.html 

e Texas Instruments applet: http://education 
.ti.com/us/product/apps/geoboard.html 

¢ Multiple sources for downloading 5 x 5 geoboard 
paper: see, e.g., http://mathforum.org/trscavo/ 
geoboards/dot1.html 


Beginning with Individual Exploration 
Regardless of their age or experience, students benefit 
from some individual time for reflection before collab- 
orating with their peers on a task this complex. When 
first considering the problem, students generally focus 
on the right triangles with integral side lengths. 

Most students begin by counting the right tri- 
angles that have side lengths of 1, 2, 3, or 4 units; 
there are 10 of these. Students can confirm this 
result by creating a systematic list, and many will 


Vol. 107, No. 2 * September 2013 | MATHEMATICS TEACHER 115 


Table 2 Right Triangles with Leg Lengths 
of 1, 2, 3, and 4 Units 


Leg 1 


ee 


Bl] |S 


any 


ae 


sea ae sees 
Bars iea e0 
[a eee 


do so without prompting. Table 2 presents a list 
of these triangles, with the lengths of each hypot- 
enuse, something that students generally do not 
include in their early stages of exploration. How- 
ever, this information will prove helpful as they 
continue, so I often encourage them to record the 
lengths of all the sides. 

Another initial student strategy involves count- 
ing triangles with integral-length base and height. 
Because some of these triangles are also right tri- 
angles, students who pursue this path immediately 
encounter issues related to eliminating repeated 
triangles, determining whether or not two triangles 
are congruent, and devising a counting system that 
will enable them to keep track of their findings as 
they continue their quest for geoboard triangles. 

Figure 6 provides an example of two triangles 
that force the question of how best to name tri- 
angles. Both have a shortest side of 2 units (which 
also serves as the base), a height of 4 units, and an 
area of 4 units. However, students can see that the 
triangles are not congruent. 


He | | 


Fostering Collaboration 

When small groups first convene following indi- 
vidual reflection time, I ask each student to bring 
to the group a conjecture and a question. Most 
students also bring with them geoboard diagrams. 
In the discussions that follow, I hear rich use of 
mathematical vocabulary, terms such as reflection, 
rotation, right triangle, leg, hypotenuse, isosceles, 
congruent, area, base, height, square root, side length, 
parallel, points, distance, and eliminate. 

When we come together as a whole class, I ask 
the groups to share any new questions that need 
clarifying. Then I display an image similar to that 
in figure 6 and ask the groups to talk for a few 
minutes about how to distinguish between the two 
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Fig. 6 Noncongruent triangles may have equal bases, 
heights, and areas. 





Fig. 7 Maintaining the same base of 2 units, students can 
construct four distinct triangles with a height of 2 units. 


triangles shown. Next, I request that they articu- 
late a strategy for keeping track of the triangles in 
their search. 

In wrapping up these initial discussions, I gener- 
ally ask each small group to write on an index card 
the basics of the group’s strategy along with an 
estimate of the number of triangles that they think 
we will find. I post these index cards around the 
classroom for comparison, motivation, and revision 
in the days ahead. 


REFINING THE SEARCH 

As sinall groups proceed, students share representa- 
tions and sort their lists, counting as they go. The 
challenge is twofold: (1) naming or labeling each 
triangle so that it can be identified as distinct from 


¢ How many right triangles can you find with 
legs that have a whole-number length? 

¢ How many isosceles right triangles can you 
find? 

e Can you find isosceles triangles that are not 
right triangles? 

e Can a triangle have a base whose length is a 
square root? 

e How can you represent a length of 5 on the 
geoboard? 

¢ What are all the possible side lengths that you 
can make? 

¢ How can we distinguish triangles of equal 

area from one another? 

























You cannot represent an equilateral triangle on 
a geoboard. 

A reflection of a triangle is congruent to the 
original triangle. 

A rotation of a triangle is congruent to the 
original triangle. 

A translation of a triangle is congruent to the 
original triangle. 

If two triangles have sides that are not equal, 
then the triangles are not congruent. 

Two triangles can have the same area without 
being congruent. 

It is possible to find a triangle whose sides are all 
irrational numbers. 










Fig. 8 Geoboard questions and conjectures can come from both students and teacher. 


the others; and (2) developing a tracking system 

to determine readily whether a seemingly new tri- 
angle is indeed unique or merely a repeat. Although 
students who initially use an area approach gener- 
ally abandon it because of the problem of multiple 
noncongruent triangles with equal areas, groups 
that never fully engage in this discussion take 
longer to determine a system for organizing their 
work. Figure 7 illustrates one of the most signifi- 
cant breakthroughs that students make with respect 
to keeping track of their findings: All four triangles 
represented have the same base and an area of 

2 units. However, students can distinguish them by 
their side lengths, values that they calculate using 
the Pythagorean theorem. 

Ultimately, students working to solve the 
Geoboard Triangles problem make use of the notion 
that three sides determine a triangle. In other 
words, if a student finds a triangle with a new com- 
bination of side lengths, then this triangle is not 
congruent to any of the others and should be added 
to the list. Essentially, this new triangle reflects the 
inverse of the triangle congruence postulate: 


If the three sides of a triangle are congruent to 
the three sides of another triangle, then the two 
triangles are congruent. 


Holding this discussion provides a great opportu- 
nity to infuse the lesson with a little mathemati- 
cal logic. 


Keeping Track 

As students proceed with their quest, some will 
choose to work more visually, creating a series 
of geoboard diagrams and labeling them with key 
attributes as well as triangle count. For example, 
figure 7 might be described as “all triangles with 


base of 2 and height of 2; count is 4.” I have had 
students create lovely posters presenting solutions 
based solely on visual representations. More often, 
groups use carefully crafted numeric lists to keep 
track of the side length combinations. Given the 
four triangles in figure 7, they would record each 
of their three side lengths: (2, 2, 2V2), (2, V5, V5), 
(2, V5, V13 ), and (2, 2V2, 2V5). As it turns out, 
every side length involved in the solution to the 
Geoboard Triangles problem appears in the list of 
what students often refer to as the “easy triangles” 
(the right triangles with integral-length legs) made 
at the outset, provided that they calculate the length 
of the hypotenuse (see table 2). 

Over the years, I have also had a few students 
take a more algebraic approach to their search 
by viewing the geoboard as the first quadrant in 
the coordinate plane, with the bottom-left corner 
labeled (0, 0), the bottom-right corner labeled 
(4, 0), the top-right corner labeled (4, 4), and the 
top-left corner labeled (0, 4). Employing coordinate 
geometry, they use the three vertices of any two tri- 
angles along with the distance formula to determine 
whether or not the triangles are congruent. Stu- 
dents with some knowledge of programming (either 
with a computer or graphing calculator) tend to be 
the ones who choose this path, attracted to the idea 
that they can systematically and mathematically 
test every combination of three points. 


The Role of Questions and Conjectures 
Regardless of the strategies they choose, students 
working to solve the Geoboard Triangles problem 
benefit from a classroom culture in which all feel 
comfortable generating conjectures and questions. 
In my own classroom, students may display these 
if they so choose. The practice serves to remind 
students constantly of the diversity of ideas being 
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discussed in the room and to broaden their own 
thinking, especially when they find themselves los- 
ing momentum or getting stuck. As the teacher, 

I also judiciously participate in posting questions 
and conjectures according to what I am seeing as 

I interact with groups in the classroom. Figure 8 
gives a sample of the sorts of questions and conjec- 
tures that surface. 

The vast majority of students, with the support 
of their small group, are able to find nearly all the 
geoboard triangles. To my way of thinking, the 
problem should be much more about their process 
than their answer. Still, some students and groups 
will need a nudge now and again. When this hap- 
pens, I recommend asking students to— 


e explain their search strategy and share the num- 
ber of triangles found thus far; 

e articulate their system for recording triangles, 
noting any difficulties that they are having; 

e represent on the geoboard a triangle that they 
have not yet counted and determine how this 
triangle is different as well as whether there are 
more triangles like it; 

° fix aside length (such as V2 in fig. 5) and repre- 
sent all triangles with this side; or 

e change the orientation of the geoboard and view 
it as a diamond to see whether new triangles 
become visible. 


More often than not, students simply need support 
in systematizing their work. 


LESSONS LEARNED 

What I value most about the Geoboard Triangles 
problem is that the quest began with a student 
question. This personal investment motivates 
students to learn and persist in mathematics 
(Middleton and Jansen 2011). Hearing the his- 
tory of the Geoboard Triangles problem inspires 
them to persevere as well, even when the process 
seems daunting or tedious. As they devise plans 
for finding a solution and implement them, often 
revising as they go, students experience the thrill 
and empowerment associated with creating math- 
ematics. These, in turn, foster a desire to generate 
more questions of their own. 

The Geoboard Triangles problem presents what 
Willis refers to as an “achievable challenge,” some- 
thing that requires students “to exert mental effort, 
performing a task that is just difficult enough to 
hold their interest but not so difficult that they give 
up in frustration” (Willis 2010, pp. 17). From the 
standpoint of equity, the search element inherent in 
the Geoboard Triangles problem supports multiple 
access points, making it possible for each student to 
contribute to the solution in some way. 
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The rush of the school year and the pressure of 
test scores seldom support opportunity for teen- 
agers to engage with tasks such as the Geoboard 
Triangles problem. We must make time—time for 
students to explore, time to make sense of what 
they discover, and time to give them choices about 
how they will proceed along their path of explora- 
tion. Problems like Geoboard Triangles can also 
help preserve time and relieve pressure by promot- 
ing mathematical tenacity and attending to multiple 
standards simultaneously. 

According to the Common Core, eighth-grade 
students should “understand congruence and 
similarity using physical models, transparencies, or 
geometry software” and “understand and apply the 
Pythagorean Theorem” (CCSSI 2010, p. 53). High 
school students should “experiment with transfor- 
mations in the plane” and “understand congruence 
in terms of rigid motion” (CCSSI 2010, p. 75). In 
short, the Geoboard Triangles problem is a simple 
case of less is more—a single problem with far- 
reaching benefits. 

For those interested in the answer to the 
Geoboard Triangles problem, my students and I 
have concluded that there are 72 triangles. 
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Classroom communities foster communication. 

¢ How do we organize lessons so that students can share their mathematical ideas or solutions? 

e What classroom norms are effective in facilitating communication? 

e How can we encourage students to listen to, critique, and build on other students’ mathematical thinking? 

¢ How can we communicate high standards for students? 

e How can technologies foster student communication about mathematics? 

¢ What strategies are successful in removing barriers to student participation and engagement in mathematics? 
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Looking for more 

Calendar problems? 

Visit www.nctm.org/publications/ 
calendar/default.aspx?journal_id=2 
for a collection of previously published 
problems—sortable by topic—from 
Mathematics Teacher. 


Edited by Margaret Coffey, Margaret 
.Coffey@fcps.edu, Thomas Jefferson High 
School for Science and Technology, Alexan- 
dria, VA 22312, and Art Kalish, artkalish@ 
verizon.net, Syosset High School (retired), 
Syosset, NY 11791 


The Editorial Panel of Mathematics Teacher 
is considering sets of problems submitted by 
individuals, classes of prospective teachers, 
and mathematics clubs for publication in the 
monthly Calendar. Send problems to the Cal- 
endar editors. Remember to include a com- 
plete solution for each problem submitted. 


Other sources of problems in calendar form 
available from NCTM include Calendar Prob- 
lems from the “Mathematics Teacher” (a 
book featuring more than 400 problems, 
Organized by topic; stock number 12509, 
$22.95) and the 100 Problem Poster (stock 
number 13207, $9.00). Individual members 
receive a 20 percent discount off this price. 
A catalog of educational materials is avail- 
able at www.nctm.org.—Eds. 


1. 16/64 = 1/4; 26/65 = 2/5; and 49/98 = 
4/8 = 1/2. Solving this problem requires 
a trial-and-success procedure, but 
attempting to solve it using a spread- 
sheet program such as Excel is also a 
great challenge. An Excel spreadsheet 

is available at www.nctm.org/mt. The 
spreadsheet assumes that the fraction 
(10t + w)/(10u + v) = t/v. If so, then we 
have the following: 


1Qt+u ¢ 
10w+v v 
10tv+uv=10ut+tv> 
9tv+ uv = 10ut > 
_ 10ut 


= 
9t+u 





The spreadsheet can be set up so that 

t and wu take on all possible single-digit 
values, generating values for v. When v 
is integral, a possible solution exists. 


2. 72 in.’. Each face is missing a 1 x 1 in. 
square, so the area of the remaining por- 
tion is 9 - 1 =8 in.”. Removing the cube 
from a face adds 4 in.” of area. Therefore, 
for each face of the original cube, the 
area is 12 in.”. There are 6 such faces, so 
the total surface area is 72 in.’. 


3. 2010 and 1992. Since abcd + a+b+ 
c+d=2013, 100la+101b+11¢+2d= 
2013. Therefore, a = 1 or a= 2. When 
a=1, we get 101b+ 11¢+ 2d = 1012. 
Thus, ) must be 9, since the “carry” 
from the tens column cannot be more 
than 1. Now we have 1lc+ 2d= 103. We 
know that c must be odd and big enough 
to carry 1 into the hundreds column, so 
c=9. Then d= 2, and we are done with 
that possibility. When a = 2, 101b+11c 
+ 24= liso p=0,¢6='Leand d= 0, 

We can prove that there are no other 
such numbers. Each time the units digit 
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686.971 30days 24 hr. 60 min. 60 sec. 


increases by 1, the sum of the num- 

ber and its digits increases by 2. For 
example, 1993 +1+9+9+3=2015. 
Each time the tens digit increases by 

1, the sum of the number and its digits 
increases by 11. The maximum sum of 
four digits is 36, so the four-digit num- 
ber must be greater than 2013 - 36= 
IO, Siaee WG se ise ar 7 se / = 2001. 
we wish to increase the units digit by 6 
to increase the total by 12. Obviously, 
we cannot do so without affecting the 
tens digit. Increasing the tens digit by 

1 increases the sum by 11, resulting 

in 2012. Increasing the tens digit by 2 
increases the sum by 22, resulting in 
2023. Thus, we then have to reduce the 
units digit by 5 to decrease the total by 
10 and give us the result 2013. 


4. 29/15. Convert each radicand to a 
power of 2 and each radical to a frac- 
tional exponent. Therefore, V8 = 2°° and 
N16 = 2°. Multiply these numbers by 
adding the exponents: 3/5 + 4/3 = 29/15. 


5. 4,875,096 sec. An Earth year contains 
365.25 days, so 





> 


365.25 mo. days hr. min, 
or 4,875,096, is the number of Earth sec- 


onds in September on Mars. 


6. 11/2. Two restrictions need to be sat- 
isfied by the domain: 2x + 7>0 and 6 - 
V2x + 7 20. The first is satisfied by 

x 2-7/2. To satisfy the second, solve 
-V2x + 7 >-6. Thus, V2x+7<6 > 

2x + 75 36 > 2x < 29 > x < 29/2. The 
domain of the function must satisfy 
both sets of conditions. The domain is 
{x: -7/2 <x < 29/2}, and the average of 
the extremes is 11/2. 


7. V2/2. Leta>b>0. Thena+b= 

a -b’=a/b. Thena+h=(a+b)(a-b), 
soa-b=1anda=1+hb. Substitute this 
into the equation: a+ b= a/b > (1+b) + 
b=(1+b))/b 3 b0. 4+ 2b) =14+b)5 

2h? = 1 > b=V 1/2 = V2/2. 


8. 43. The set has an even number of 
elements, so the median is the average 
of the two middlemost numbers. In this 
case, (x + 49)/2 = 46 > x= 43. 


32.2) 
4 


9. 





. Let the radius of the quarter 


circle = 1, and let the radius of the small 
circle =r. We can find r by applying the 
Pythagorean theorem or by knowing the 
ratio of the sides in a right isosceles tri- 
angle. Then, rV2 =1- r, SO 


r(V2+1)=13 r= : 

J2+1 
We know that the ratio of the areas of 
similar figures equals the square of the 
ratio of corresponding linear measure- 
ments. Thus, the ratio of the area of 
the entire large circle to the area of the 
smaller circle equals 

2 


: =(J2+1) =3+2v2. 


il 


241 








Since the requested ratio involves only 
the quarter circle, our final result is 


Ido 





ae 


10. 100.5. If Sunil gets 3 answers wrong, 
15 answers correct, and leaves the rest 
of the answers blank, he receives 15(6) + 
3(0) + 7(1.5) = 90 + 10.5 = 100.5 points. 
If he gets only 14 answers correct and 
leaves 8 blank, his score would be 96. 


One way to approach this problem is to 
assume that Sunil answers the remain- 
ing 22 answers correctly, for a score of 
132. For each question that he omits, he 
loses 4.5 points, so if we let x represent 
the number of omitted questions, we 
solve the inequality 132 - 4.5x > 100 > 
x < 7.1. Because x must be an integer, 
the number of omitted questions is 7, 
the number of correct answers is 15, and 
Sunil’s score is 15(6) + 7(1.5). 





120 


-20 | number correct, 0 $c s 22 


Alternate solution: Find the score if 22 
questions are answered correctly and if 22 
answers are left blank. Plot the ordered 
pairs (c, s)—(0, 33) and (22, 132)—on 
the coordinate plane and connect them. 
Observe values of c where the segment 
intersects the line s = 100 and find ie 
the smallest integer greater than c. 


11. 1232. Let x be the number of students 
on opening day. Then (x + 48)(0.95) = 
12NG 339 = 1238. 


12. 167. Let the legs of the triangle be 
x and y, sox —y=119. Then (x - y)’ 
= —2xy +y° = 119° = 14,161. By the 
Pythagorean theorem, x° + y’ = 145° = 
21,025. Combining these two equations 
yields 2xy = 21,025 - 14,161 = 6,864. 
Since (x + y)? =x° + 2xy + y’ = 21,025 + 
6,864 = 27,889, then x + y = 167. 


Alternate solution 1: Recognize 
that (x + y)’ = (« - y)’ + 4xy = 119° + 
2(145° - 119”) = 2(145)’ - 119°. 


Alternate solution 2: In the solutions 
above, we obtained the requested sum 
without solving explicitly for the two 
legs. If x is the shorter leg, then 

(x + 119) is the longer leg, and we have 
x’ + (x + 119)? = 145" > 2x* + 238x - 
6864 = 0 > (x + 143) (x - 24) = 0. The 
shorter leg is 24, the longer leg is 143, 
and their sum is 167. 


13. Send student solutions to the Prob- 
lem of the Month editors, Séan Madden 
(smadden@¢reeleyschools.org) or Ricardo 
Diaz (Ricardo.Diaz@unco.edu). 


14. -7. One factor is x - 4, so, for the 
first and last terms to be correct, the 
other factor must be 3x + 5. The middle 
term is the sum of -4(3x) + 5(x) =-7x, 
so b= -7, 


15. 100z. Point P is the midpoint of the 
tangent segment, so PR = 10. We wish to 
find the area of the region between the 
two circles: zh’ - na® = n(b° - a’). Since 
OP | RQ, ZOPR is a right angle, and 
we can use the Pythagorean theorem to 
obtain a’ + 10° =)”. Thus, b’ - a’ = 100, 
and the area of the ring is 100z. 





16. 2/3. According to the triangle 
inequality theorem, the only possible 
lengths for the third side are 8, 9, 10, 
11, 12, 13, 14, 15, and 16. When the 
third side is 13 or V119 ~ 10.9, the tri- 
angle will be a right triangle. Therefore, 
for all values greater than 13 or less 
than 10.9, the triangle becomes obtuse. 
There are six such values, so 6/9 = 2/3. 


17. 360. Factor to see that the structure 
of the expression is five consecutive 
integers: (x - 2)+(x-1)+x-(x+1)- 

(x + 2) and an extra x. Five consecutive 
integers are always divisible by 5, and 
four consecutive integers are always 
divisible by 8, so we know that the five 
consecutive integers will be divisible by 
40. We can regroup the six integers into 
two sets of three consecutive integers: 
(x -2)+-(x-1)-xandx-(«+1)- 

(x + 2). Three consecutive integers are 
divisible by 3, so the number is divisible 
by 9. Thus, the original expression will 
be divisible by 40 + 9 = 360. 
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18. +17. Let the numbers be x and y. 
Then x° + y’ = 247, and xy = 21. We 
wish to find x + y. Since (x + y)’ =x° + 
2xy+y =x +y + 2xy = 2474+ 2(21) = 
289, then x + y =+V289 = +17. 


19. -2, -1, 1, 5. Apply the rules of expo- 
nents to rewrite the equation as 


le = Same : 


d 


The solution cannot be x = 0 given the 
domain of the original equation. When 
x = +1, the original equation is true. The 
remaining solutions can be found by 
solving the equation 10/x+1=x-2— 
10+x=x -2x > x -3x-10=0> 

(x — 5)(x +2) =0 > x=5 or -2. 


20. 64. If the product of the elements 
is divisible by 5, then the subset must 
contain 5, 10, or both 5 and 10. If 5 

is in the subset and 10 is not, ,C, = 28 
subsets are possible. Similarly, if 10 is 
in the subset and 5 is not, ,C, subsets 
are possible. When both 5 and 10 are in 
the subset, there are 8 possible choices 
for the third element. Thus, 28 + 28+ 8 
= 64 subsets. 


Alternate solution: From the total num- 
ber of subsets, ,,C, = 120, subtract the 
number of subsets not containing a 5 or 
10: ,C, = 56. The result is 120 - 56 = 64. 


21. 8. For an integer to be divisible by 
11, the sum of the digits in the even 
positions minus the sum of the digits 

in the odd positions must be a multiple 
of 11. For example, the number 25,839 
is divisible by 11 since (2+ 8 + 9) - 

(5 + 3) = 11, which is a multiple of 11. 
Therefore, (a+4+6+b)-(3+5+7) 

= 11n for some integer n > a+b-5= 
11n. Since a and P are single digits, the 
maximum value for the left side of the 
equation is 13, and the minimum value 
is —-5. Thus, when n= 1,a+b= 16, and 
we get three solutions: (9, 7), (8, 8), and 
(7,9). When n=0,a+b=5, and we get 
five additional solutions: (5, 0), (4, 1), 
(3, 2), (2, 3), and (1, 4). Notice that 

(0, 5) is not a solution because a seven- 
digit number cannot begin with 0. 


22. 24. The two prime numbers are 883 
and 859. We can begin by dividing 1742 


in half to get 871, which is divisible by 
13. The primes surrounding 871 are 863 
and 877. However, 1742 — 863 = 879, 
which is not prime, and 1742 - 877= 
865, which is also not prime. Thus, we 
must look at the next possible pair of 
primes—namely, 859 and 881. The part- 
ner of 881 is 861, which is not prime, 
but the partner of 859 is 883, which is 
prime and gives us the result 883 — 

859 = 24. 


23. 36. Label the triangle so that the 
given side, AB, equals 20V3 and the 
altitude is drawn from C to point D. 
Then AC =8 since the hypotenuse in 

a 30°-60°-90° triangle is twice the side 
opposite the 30° angle. The length of 

the side opposite the 60° angle, AD, 

is 4V3. Therefore, DB = 20V3 - 4V3 = 
16V3. Apply the Pythagorean theorem in 
ACDB to find the hypotenuse: CB’ = 4° 
+ (16V3)’ = 16 + 768 = 784 > CB = 28. 
The sum of the two sides is 8 + 28 = 36. 






Av omr 


16/3 


Alternate solution: After obtaining AC, 
use the law of cosines in A ABC to find 
CB: 


24. 30°. The goal will be to prove that 
AACE = AACP by SAS. We know that 
PC=CE and ZPCA = ZACE by con- 
struction. By the reflexive property, AC 
= AC, so the triangles are congruent. 
Notice that APBC is equilateral since P 
is equidistant from B and C. The altitude 
of an equilateral triangle is also an angle 
bisector, so the measure of ZCPD = 30° 
= ANC, 


P 
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25. 1/4, 1/13, 1/156. Notice that 


Une ied ah Lam 
n n+l n(n+1)’ 


SO 


Lf rel 
3 
12 


+——=— 
4-3 4 


vole 
Hs | Re 


Repeat the application of the theorem 
for the fraction 1/12: 


1 1 i at 1 
— = — + —— = — + 
127 43 21 eel 


Finally, 1/3 = 1/4 + 1/13 + 1/156. This 
solution is not unique because 1/3 = 1/5 
+ 1/12 + 1/20. Notice that the theorem 
stated allows us to write any unit frac- 
tion as the sum of any finite number of 
other unit fractions. 


26. TODAY IS THURSDAY. No let- 
ter is assigned to 0, so the first number 
must be 20, which is the letter T. The 
next number could be 1 or 15, which is 
either A or O. If it is A, then the next 
number is 5, the letter E, followed by 
D. Since TAED is not a word, we know 
that the second number is 15 (O). The 
third number is 4, so the third letter is 
D. We now have the letters TOD. The 
fourth number can be 1 (A) or 12 (L). 
Reject the L and continue with the next 
number as 2 (B) or 25 (Y). Continue in 
this fashion to get to the result: TODAY 
IS THURSDAY. 


27. Call the objects a, b, c, and d. Place 
a and b on one side of the scale and 

c and d on the other side. One side must 
be heavier—say, c and d—so one of 
these must be the 11 oz. object. Place 

c on one side of the scale and d on the 
other side. Whichever side is heavier 
holds the 11 oz. object. 


28. Once you have determined the 
heaviest object—say, d—place a and b 
back on one side of the scale and d on 
the other. Three results are possible: 

(1) The objects balance, so a and b add 
to 11 and must be 3 oz. and 8 oz.; 

(2) the side with d is heavier, so a and b 
are 3 oz. and 5 oz.; or (3) the side with 
d is lighter, so a and b are 5 oz. and 8 oz. 


The next weighing will determine the 
specific weight of a and b. Then there 
will be only one weight remaining for c. 


29. This problem has many solutions. 
The first key is to realize that the three 
middle numbers are {10, 14, 15}, {11, 
13, 15}, and {12, 13, 14}. The second 
key is to realize that the sum of the inte- 
gers from 1 to 15, inclusive, is (15)(16)/2 
= 120 but that the sum of four 39s is 156. 
Therefore, the difference 156 - 120 = 36 
must be the sum of the three vertices, 
which are each counted twice. Thus, the 
only possible vertices are {15, 14, 7}, 
Wid, 13815, 1289 ets. 17 10), 
{14, 13, 9}, {14, 12, 10}, and {13, 12, 
11}. When we select one of the first two 
options for the center circles, we have 
only one corresponding option for the 
vertices. The third option listed for the 
center circles will provide three possible 
sets for the vertices. Once the three cen- 
ter circles and three vertices are filled, 
the nine remaining numbers become 
relatively easy to place. 


(X), 


NCTM 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 














30. 15/4. The area of a triangle is the 
product of a side times the altitude to that 
side, so we can say that in any given tri- 
angle a side and its corresponding altitude 
are inversely proportional. If we name the 
shortest two sides a and b and the longest 
side c, we know by the triangle inequality 
theorem that a+ b> c. Thus, 1/6+ 1/10 > 
1/h > I/h < 8/30 = 4/15 > h > 15/4. 





For an Excel spreadsheet for the solution for 
problem 1 for the September 2013 Calendar, 
go to www.nctm.org/mt. 
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Christine P. Trinter and Joe ef 1Ke) i 


If students suspect that a problem is 
solvable, they will persevere in their 
efforts to analyze and solve it. 
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hen confronted with a challenging 
problem, many solvers may at first 
think that not enough information has 
been provided. If, however, they suspect 
that the problem is solvable, this feeling typically 
influences them to persevere as well as monitor and 
reflect on their efforts. 

We present four nonroutine tasks that we 
have posed to mathematics teachers and students 
to engage them in problem analysis and strate- 
gic behavior. Included with two of the tasks are 





descriptions of some common reactions and solu- 
tion strategies. These tasks address NCTM’s Stan- 
dards (2000) and the Common Core Standards for 
Mathematical Practice (CCSSI 2010). We encoutr- 
age readers to solve the problems themselves to bet- 
ter appreciate the solutions and hints given. 


TASK 1: THE PSYCHOLOGIST AND WIFE 

HANDSHAKING PROBLEM 
There are 5 couples at a party. One of the people 
at the party is a psychologist who asks all the 
other guests how many people they shook 
hands with that evening. He receives a differ- 
ent answer from each person, ranging from 
0 through 8. If we assume that husbands and 
wives do not shake hands with each other and 
that people do not shake hands with themselves, 
how many people did the psychologist’s wife 
shake hands with? (Original problem in Hayes 
[1981], p. 65; modified by Trinter and Garofalo) 


This task has elicited a variety of interesting 
responses and solution strategies from solvers. At 
first glance, many feel that not enough informa- 
tion has been provided to answer the question, but 
almost all persevere to find an answer. Their initial 
responses often place them into one of three groups: 
(1) people who try to distract from solving the 
problem; (2) frustrated solvers; and (3) solvers who 
enjoy the challenge. 

The “distractors” are those who ask questions 
or make statements such as “Why would the psy- 
chologist ask everyone how many people they shook 
hands with?” or “His wife didn’t shake hands with 
anyone because she was a germophobe.” Some who 
respond this way may not know where to begin to 
solve the task; hence, they try to distract others from 
engaging with the problem or just give a superficial 
answer. A few become frustrated and give up. 

Despite the few people who are intimidated by 
this task, most fall into the third category—solvers 
who enjoyed the challenge. These solvers become 
instantly engaged in the task, as evidenced in their 
lively conversations and animated interactions 
while working toward a solution. Four predomi- 
nant solution strategies that we have seen from 
this group are acting out the scenario, creating a 
collection of pairs, drawing a visual representation, 
and constructing a matrix. 

In a recent workshop, ten teachers stood in the 
middle of the room and attempted to model the task 
as if it were a play. A group leader directed each 
person to shake hands with others; she assigned 
herself the role of the psychologist. Because the 
“actors” did not devise a strategic plan (or write a 
screenplay), they were unsuccessful in finding a 
solution after a large number of handshakes. 
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Fig. 1 Listing pairs of spouses can be a successful strategy 
for the Psychologist and Wife Handshaking problem. 











Some solvers generate lists of pairs for the cou- 
ples, sometimes without considering all the prob- 
lem conditions. For these solvers, finding the solu- 
tion can take many attempts. With each attempt, 
they realize the importance of each condition. 

For example, several teachers incorrectly paired 
the guest who replied “8 handshakes” with the 
guest who replied “1 handshake.” These teachers 
quickly assumed that the sum of each pair must be 
9 because 9 people responded to the psychologist’s 
question. As a result, they learned a critical aspect 
of problem solving—consider carefully all the given 
information when devising a plan. 

Solvers who take all the task information into 
account and reason from that information come to 
the solution more efficiently. For example, the stu- 
dent whose work is shown in figure 1 realized that 
the person who shook hands with 1 other guest is 
married to the person who shook hands with 
7 guests. Her reasoning follows: Both these guests 
shook the hand of the guest who shook hands 
8 times; they did not shake one another’s hands; 
neither shook hands with the guest who shook 
hands 0 times; and the guest who shook hands 
7 times must have shaken hands with everyone 
else, giving all the others at least 2 handshakes. 
This student’s work reflects similar reasoning for 
each pair and shows that the psychologist’s wife 
shook hands with 4 people. This method is easier 
for students if they focus first on the person who 
shook hands 8 times or 0 times. 

Other solvers draw a visual representation of the 
problem in which they situate partygoers in a circu- 
lar or even a linear format and draw lines to denote 
handshakes. Some using this approach forget to 
include the psychologist in their illustration, lead- 
ing to incorrect solutions and confusion. With an 
accurate rendering, these solvers coupled the guests 
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Fig. 2 A rendering of partygoers in a circular format helps 
solvers visualize the problem. 


by using similar reasoning as in the listing-of-pairs 
strategy. The work of a student using this approach 
is shown in figure 2. 

Hayes (1981) documented a fourth strategy 
(see fig. 3), which we have seen students use reg- 
ularly. Using a matrix, Hayes arbitrarily assigned 
H, (husband 1) as the person who shook hands 
8 times and drew Xs in each row and column to 
indicate the guests with whom H, shook hands. 
This approach revealed that H,’s wife must not 
have shaken any hands with anyone because all 
the other wives shook hands with H, (as repre- 
sented by the Xs); hence, none of the other wives 
could have answered zero to the psychologist’s 
initial question. Hayes then assigned H, as the 
person who shook hands 7 times. Completing the 
matrix with Xs and Os in this fashion uncovered 
the pattern that led to the same solution as the 
strategies shown in figures 1 and 2. 

This task challenges solvers to think about well- 
known tasks, such as handshake exercises, in dif- 
ferent ways. Finding the correct solution requires 
solvers to consider all the information provided, 
reason through the situation, persist, and reflect 
on their work—all valuable lessons in becoming 
an effective problem solver. And solvers have the 
freedom to use different representations and solu- 
tion strategies. In our experience, when solvers 
discussed and compared their strategies, they were 
able to make links between the strategies and show 
the pattern in different ways. Further, they under- 
stand that enough information was provided. 


TASK 2: THE CROSSING THE 

TRAIN BRIDGE PROBLEM 
A man walks 2/3 of the distance across a rail- 
road bridge when he sees a train approaching 
him head-on at the rate of 45 mph. If he can just 





Matrix Solution (Partial) 





a 
* 


5 
Source: Hayes (1981), p. 67 


Fig. 3 Hayes’s matrix also leads to a visual solution. 


manage to escape being hit by the train by run- 
ning to either end of the bridge, at what rate of 
speed does he run? (Origin unknown) 


When faced with an unusual problem situation 
such as this one, most people fall back on prior 
knowledge and familiar strategies. Hence, the 
majority of solvers begin this task as they would 
a standard distance = rate + time task. In doing so, 
because they want to know the distance from the 
train to the bridge, some conclude that they do not 
have enough information to determine the man’s 
speed. Some begin with a diagram and then do not 
know how to proceed (see fig. 4). 

After carefully analyzing the problem situa- 
tion, many solvers successfully use an algebraic 
method connected to a diagram to obtain a solu- 
tion. Figure 5 illustrates a preservice teacher’s 
illustration of the problem situation that includes 
the distance from the train to the bridge, the speed 
of the train, the man’s two running options, and 
notation depicting the man’s running speed. This 
sketch is an efficient model for representing these 
components. This solver did not get bogged down 
in the details of the illustration, a trap that some 
fall into. 

The preservice teacher who solved this task 
set up algebraic proportions for each of the man’s 
running options and used one of these proportions 
to create an expression for the distance from the 
train to the bridge. Specifically, the right column 
in figure 5 shows that time of the runner (his dis- 
tance divided by his speed) set equal to the time of 
the train, where R, represents the runner’s speed, 
hb the length of the bridge, and d the distance from 
the train to the bridge: 


a 











Fig. 4 A diagram such as this does not lead to a solution 
to the Crossing the Train Bridge problem. 


In solving this proportion for the distance from 
the train to the bridge, she represented the distance 
with the expression 


yell, 
R 


S 


She then substituted this expression into the pro- 
portion in the left column in figure 5 to solve for 
R,. In particular, she set up a proportion represent- 
ing the man’s shorter option for running across 1/3 


of the bridge: 
gg Ae 
eee 
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Fig. 5 This algebraic approach to solving the problem 
makes use of a diagram as well. 


After isolating the variable representing distance 
between the train bridge and the train in this new 
proportion, she equated the two expressions that 
she found for d and manipulated the resulting 
equation— 


30b_,_ 19D 
oie R 


S S 


—to find the result: R,= 15. This solution was a 
lengthy algebraic method for finding the man’s speed. 

Another preservice teacher used a more elegant 
strategy by focusing his attention on the diagram 
and reasoning from the information (see fig. 6). 
The solver drew a simple diagram that includes all 
the given information about the man’s distances 
to both ends of the bridge. He then indicated with 
arrows that when the train reaches point A, the 
man must also reach point A or point B. 

This solver’s proportion 


45 _ 
i} 


wl] & 


indicates that this situation can work only if the 
distance between the train and the bridge is equiva- 
lent to the length of the bridge itself. This is true 
because the time it takes for the man to run 1/3 of 
the bridge is equal to the time it takes for the train 
to get to the edge of the bridge. If the man runs 1/3 
of the length of the bridge in the other direction 
(away from the train), the train just reaches the 
edge of the bridge and has the full bridge to travel 
while the man runs the other 1/3 of the bridge; 
they must reach the far side at almost the same time 
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Fig. 6 Reasoning from the diagram and the information 
given can be a Successful strategy. 





(“he just manages to escape by running to either 
end”), meaning that the train must be a full bridge 
distance away. Therefore, the time it takes for the 
train to reach the end of the bridge is equal to the 
time it takes for the man to run 1/3 of the bridge. 
Hence, the solver’s proportion shows the ratio of 
the train speed to the full bridge distance, which 
is equivalent to 1/3 of the bridge distance to the 
man’s speed (x). 

This more efficient strategy, which is not neces- 
sarily superior to the algebraic strategy described 
earlier, resulted from reasoning through the prob- 
lem conditions with the aid of a simple representa- 
tion. Often, successful algebraic solutions such as 
the one illustrated in figure 5 do not result from a 
solver’s first algebraic attempt. 


TASK 3: THE THREE DAUGHTERS PROBLEM 
The host at a party said to his guests, “I have 
three daughters. The product of their ages is 72, 
and the sum of their ages is my house number.” 
He then asked: “How old is each daughter?” 
One guest rushed to the front door, looked at the 
house number, and told the host that he needed 
more information. The host replied, “The oldest 
one likes strawberry pudding.” The guest then 
announced their ages. How old is each daughter? 
(Origin unknown) 


The key for many solvers is developing a list of 
possible house numbers based on a complete list 
of possible age combinations and noticing that one 
possible house number (14) can be obtained from 
two age combinations. However, some solvers first 
reason from the conditions. For example, recently 
a ninth-grade student immediately realized that “if 
he can’t tell, there must be two options to get his 


house number” and found the solution after listing 
just five age combinations. 


TASK 4: THE COMMUTER PROBLEM 
Every day a commuter takes a train that arrives 
at her home station at 6:00 p.m. Every day her 
husband drives to the station to pick her up, 
always driving the same route at the same speed. 
One day the commuter gets off work early, takes 
an earlier train home, and arrives at her station 
at 5:00 p.m. Instead of waiting at the station for 
her husband, who left home at his usual time, 
she begins walking home. She meets her hus- 
band driving along his route, gets in the car, and 
they drive home. They arrive home 10 minutes 
earlier than usual. How long had the commuter 
been walking? (Origin unknown) 


Many solvers draw a diagram and then try alge- 
braic methods incorporating the distance = rate - 
time formula, often with several assumed distances 
and regular travel times. Some are successful with 
this approach, and some are not. However, as with 
task 2, it is simpler to reason from the conditions. 
In this case, arriving home 10 minutes earlier 
than usual means that the driver saved 5 minutes 
in each direction, and this realization leads to the 
determination that the commuter had walked for 
55 minutes. 


DISCUSSION 

Use of these tasks supports both the NCTM 

and Common Core State Standards. NCTM’s 
(2000) Problem Solving Standard for grades 9-12 
advocates: 


In high school, students’ repertoires of problem- 
solving strategies expand significantly because 
students are capable of employing more-complex 
methods and their abilities to reflect on their 
knowledge and act accordingly have grown. Thus, 
students should emerge from high school with the 
disposition, knowledge, and strategies to deal with 
the new challenges they will encounter (p. 334). 


Similarly, one of the Common Core Standards 
for Mathematical Practice (CCSSI 2010)—“Make 
sense of problems and persevere in solving 
them”—claims: 


Mathematically proficient students... analyze 
givens, constraints, relationships, and goals. They 
make conjectures about the form and meaning of 
the solution and plan a solution pathway rather 
than simply jumping into a solution attempt. They 
consider analogous problems, and try special cases 
and simpler forms of the original problem in order 





to gain insight into its solution. They monitor and 
evaluate their progress and change course if neces- 
sary (p. 6). 


We have posed these four tasks presented here, 
and others like them, in classes, workshops, and 
presentations and found that solvers exhibit the 
following responses and outcomes after working 
on them: 


1. Most students and teachers enjoy being chal- 
lenged when they believe that they can be ulti- 
mately successful. Subsequently, most solvers 
persevere with these tasks. 

2. Solvers learn that analyzing the meaning of 
problem conditions and reasoning from them are 
good habits. 

3. Solvers become more fluent in creating represen- 
tations; in addition, they become more flexible 
and comfortable working from them. 

4. Solvers learn to assess their strategies and progress. 
They realize that quickly jumping to generate equa- 
tions is not always the most efficient approach. 

5. Solvers share their solution strategies, both suc- 
cessful and unsuccessful. Subsequently, they 
pick up strategies from one another to build 
their repertoires. 

6. Solvers develop healthy dispositions, including 
“the confidence and willingness to take on new 
and difficult tasks” (NCTM 2000, p. 334). 
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Tying your teaching approach to the Common Core 
Standard for Geometry and Congruence will help 
students understand why functions behave as they do. 


Becky Hall and Rich Giacin 


hen examining transformations functions that take points in the plane as inputs and 
of the plane in geometry, teachers give other points as outputs” (p. 76). Viewing this 
typically have students experiment translation as a function, as this standard requires, 
with transformations of polygons. we obtain the function T(x, y) = (x + 3, y). Students 
Students are usually quick to notice _ easily understand this function because adding to the 
patterns with ordered pairs. x-coordinate would logically move the object right. 
For example, ask students to translate a polygon However, once students begin transforming 
three units to the right and compare the ordered pairs functions, they often lose this understanding and 
of the vertices of the original polygon with those of resort to memorizing a list of rules that describe 
its image. They will discover that the x-coordinates transformations. For example, students are told 
have increased by three units. The Common Core (or perhaps discover a pattern by graphing several 
State Standard, Geometry, Congruence 2 (G-CO.2), examples) that translating y = f(x) right three units 
requires students to “describe transformations as results in the function y = f(x — 3). Students may 
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Fig. 1 The transformation function T maps (x, y) to (x + 3, y). 


ask why this statement is true; it seems counterin- 
tuitive. How many times have you answered this 
question with, “Whatever happens on the inside of 
the function does the opposite of what you think it 
will”? We admit that in the past we have resorted 
to a similar answer. The connection to ordered 
pairs explored in this Common Core standard can 
illuminate transformations on functions and help 
all teachers answer this question more effectively. 


TRANSFORMATIONS AFFECTING 

THE x-COORDINATE 

To make the explicit connection between transfor- 
mations of ordered pairs and transformations of 
functions, we begin with the example highlighted 
in the opening paragraph. The function defined 

by T(x, y) = (x + 3, y) takes points in the plane 

and shifts them 3 units to the right. But now let’s 
consider what effect this transformation has on the 
function y = f(x). 

Students may need to be reminded that they can 
view the function y = f(x) as the set of all ordered 
pairs (x, f(x)). This step is necessary because the 
transformation function, T, inputs ordered pairs, 
not equations. The image of T(x, f(x)) is an ordered 
pair whose first coordinate is (x + 3) and whose 
second coordinate is f(x)—that is, T(x, f(x)) = 
(x + 3, f(x)) (see fig. 1). 


You may want to remind students that we can 





view the graph of the function y = f(x) as the set of 
all ordered pairs (x, f(x)), because students may not 
be used to viewing a function whose input is x + 3. 
Instead, we want the input of the function to be a 
single variable. Given T(x, f(x)) = (x + 3, f(x)), we 
may use the simple substitution x’ = x + 3, so x’ - 

3 =x, and rewrite the function as T(x, f(x)) = 

(x’, f(x’ - 3)). Thus, the transformation T takes 

y =f(x) and maps it to y = f(x’ - 3). This process is 
outlined in table 1. 

Students verify that this function will output 
f(x) with an input of x + 3. This example illustrates 
why subtracting 3 “inside” the function translates 
it 3 units to the right. 

Note that the algebra required to solve for x in 
the simple substitution above is key to illuminat- 
ing why function transformations behave the way 
they do. Students already know that algebra helps 
“undo” operations to isolate a variable. This “undo- 
ing” is why some function transformations seem to 
behave in an “opposite” manner. This connection 
to algebra, we believe, will prevent students from 
viewing the method described here as just another 
procedure to memorize. 

Consider a second example. The function 
defined by S(x, y) = (2x, y) takes points in the plane 
and doubles their x-coordinate—that is, it horizon- 
tally stretches their location by a factor of 2. Again, 
students can easily understand this function; they 
can see that doubling the x-coordinate will stretch 
the original object horizontally. Under this trans- 
formation, S(x, f(x)) = (2x, f(x)) (see fig. 2). 

To view the ordered pair (2x, f(x)) as an equa- 
tion, we write it in a more conventional way with 
the substitution x’ = 2x, so that x = x’/2. Thus, 

S(x, f(x)) = @’, f(’/2)), and we see that the func- 
tion y = f(x) maps to y = f(x’/2). Notice that this 
new function takes 2x as its input and outputs y. 
We outline this procedure in table 2. 

The two examples discussed here are transfor- 
mations that affect only the x-coordinates of an 





Table 1 Summarizing the Process for a Horizontal Shift 


Ordered Pair Notation | Function Notation 





A function that takes x’ as its input and 
outputs f(x’ - 3) 
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A function that takes x as its input and < 
outputs f(x) (x, f(x) Y=) 


If we apply T (translating right 3 units) to the function above, we get the following: 


A function that takes x + 3 as its input and 3 A) Not possible without a 
outputs f(x) , substitution 


To write the expression above into function notation, we apply the substitution x’ = x + 3; thus, x =x’ - 3. 


(x’, FQ’ - 3)) y=f(x' - 3) 





object. In both cases, the algebra required to solve 
for x’ demonstrates the transformation’s effect on 
the function. These transformations cause the most 
confusion for students because the functions seem 
to be the opposite of what they expect. More exam- 
ples are listed in table 3. 


TRANSFORMATIONS AFFECTING 

THE y-COORDINATE 

This idea can be applied to transformations that 
affect the y-coordinate as well. For example, the 
function defined by R(x, y) = (x, -y) switches the 
sign of the y-coordinate so the point is reflected 
over the x-axis. Under this transformation, 

R(x, f(x)) = (x, -f(x)). This is already written with 
a single variable input; thus, we see that the func- 
tion y = f(x) maps to y = -f(x) because this is a 
function that takes x as its input and outputs -f(x). 
No substitution was necessary in this problem (we 
could also let x’ = x); for this reason, this transfor- 
mation usually does not cause much confusion for 
students. More examples appear in table 4. 





v=o) 


S _—_ (21, 91) 
~ 

















Fig. 2 The transformation function S maps (x, y) to (2x, y). 


COMPOSING FUNCTION 
TRANSFORMATIONS 

This idea can be taken to a deeper level. As 
NCTM’s Algebra Standard for grades 9-12 
requires, we want students to be able to “under- 
stand and perform transformations such as... 
composing ... commonly used functions... ” 
(NCTM 2000, p. 296). If we use the method 
described here, performing multiple transforma- 
tions becomes simply an exercise in composition 





Table 2. Summarizing the Process for a Horizontal Stretch 


Ordered Pair Notation Function Notation 


If we apply S to the function above (..e., if we stretch it horizontally by a factor of 2), we get the following: 


Not possible without a 


To write the expression above into function notation, we apply the substitution x’ = 2x; thus, x = x’/2. 


Description 


A function that takes x as its input and 
outputs f(x) 


A function that takes 2x as its input and 
outputs f(x) 


A function that takes x’ as its input and 


outputs f(x’/2) 
















Table 3 More Transformations Affecting x 


Translate left 2 units 
Horizontally compress by a factor of 3 
Reflect over y-axis 


Table 4 Transformations Affecting y 






















Translate up 5 units 
Vertically stretch by a factor of 2 
Vertically compress by a factor of 2 


(x, y) Maps to 


(x - 2, y) 
(x/3, y) 


(-x, y) 


(ey 45) 
(x, 2y) 
(x, y/2) 











y = f(x) Maps to 


Input Variable 


y = f(x) Maps to 







y =f (x' + 2) 
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(b) 


Fig. 3 Changing the order in which the transformation functions are composed 
sometimes produces different results. 





Fig. 


Composing T and then R produces the same result as composing R and then T. 


of functions. Recall that T is a transformation func- 
tion that translates ordered pairs 3 units to the 
right, whereas S is a transformation function that 
horizontally stretches by a factor of 2. We can com- 
pose T with S. For example, T(S(x, y)) = T(2x, y) = 
(2x + 3, y) takes points in the plane and horizon- 
tally stretches their location by a factor of 2 and 
then shifts them right 3 units. 

Let’s examine how this transformation affects 
the function y = f(x), using the same process 
described earlier. Because T(S(x, y)) = (2x + 3, 
f(x)), we substitute x’ = 2x + 3; thus, x = (x’ - 3)/2, 
and T(S(x, y)) = (x’, f(x’ - 3)/2). Therefore, the 
function y = f(x) maps to y = f(x’ - 3)/2 because 
this is a function that takes 2x + 3 as its input and 
outputs y. As another example, we can compose 
S and T in the reverse order to get S(T(x, y)) = 
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S((v + 3), y) = (2(« + 3), y), which first shifts points 
in the plane right 3 units and then horizontally 
stretches their location by a factor of 2. So 

S(T(x, f(x))) = (2 + 3), f(x)). Again, using the 
process described earlier, we let x’ = 2(x + 3), so 
that x = x’/2 — 3, and then let S(T(x, f(x))) = 

(x’, f(x’/2 - 3)). Under this transformation, a 
function y = f(x) maps to y =f(x’/2 - 3). 

Notice that the order in which we composed 
these transformation functions matters. If we first 
stretch and then translate, we get a result that dif- 
fers from the result we would get if we first trans- 
late and then stretch. This concept may be clear to 
most readers, but it is not always clear to students. 
If it is not obvious, consider a particular example 
such as the function f(x) = x*. Applying S to f gives 
us the new function y = (x/2)*. Now applying T, we 
get the function y = ((x - 3)/2)’ (see fig. 3a). How- 
ever, first applying T to f gives y = (x - 3)*. Then, 
applying S, we get the function y = (x/2 - 3)°. Thus, 
applying S and then T (see fig. 3a) gives a result 
that is different from applying T and then S (see 
fig. 3b). Viewing these transformations graphically 
will make these ideas more concrete to students. 

Now pose this question to students: Under what 
circumstances will the order in which we transform 
functions matter? In the example with S and T, 
both transformations change only the x-coordinate 
of the function, and we found that the order mat- 
tered. If we compose two transformation functions 
that change only the y-coordinate, the order will 
also matter. If, however, we compose two transfor- 
mations in which one affects only the x-coordinate 
and the other affects only the y-coordinate, we will 
see that the order does not matter. 

For example, first recall that R is a transforma- 
tion function that reflects ordered pairs over the 
x-axis. Now, the order in which we compose R and 
T does not change the final result. Readers may 
want to perform these operations on the function 
f(x) =x° to verify this claim. They can then verify 
results by considering figure 4. Asking students to 
decide under what circumstances the order matters 
will help solidify their understanding of composi- 
tions of transformations. 


STUDENT FEEDBACK 
This material was presented to a group of ten high 
school students with various mathematical back- 
grounds. Included were freshmen, sophomores, 
juniors, and seniors then enrolled in courses from 
geometry to BC Calculus. The students were given 
written pre- and post-presentation questions to 
answer. 

One question, contained on both questionnaires, 
was to compare the graph of g(x) = (x - 3)’ with 
the graph of f(x) =x°. For the preassessment, six 


Preassessment Response 


“T have no clue why. It just is.” 












“These functions are based off of the parent 
function y = a(x -h)’ +k. (h, k) is the vertex. 
So, for the g(x) equation, the vertex is (3, 0) 
and for the f(x) equation, it is at (0, 0). Both 
have a pattern of 1, 3,5 ... because a indi- 
cates the pattern. They are upward facing 
because a > 0.” 















Postassessment Response 


“When you have (x, f(x)) and plug it into a value like 
A, the result will be (x + 3, f(x)) for A((x, y)) = + 3, 
y). This equation shows that x is shifted 3 units to the 
right. However, when you translate back toy=____ 
form, you will need to have y = f(x — 3) to get y = f(x) 
when x + 3 is plugged in for x.” 


Subtracting the 3 and putting the square outside the 
function ‘undoes’ the function, bringing it back to the 
original f(x).” 





















“y= f(x)=x° (x(x) 
LT 


a(x’)=(x"-3) (x, F(s"-3)) 


Fig. 5 A comparison of students’ assessments shows greater understanding of function transformations. 


of the ten students could describe the relationship 
between the two functions; however, when asked 
to explain why their answer was true, only two of 
the six could do so. Three other students stated the 
vertex form of a parabola and described the formula 
as a rule, and one student used a graphing calcula- 
tor to verify her answer. For the postassessment, 
eight of the ten students could correctly describe 
the relationship and why it existed. Two students’ 
responses to the question “Explain why shifting 
f(x) =x° 3 units to the right will give the graph of 
the function g(x) = (x - 3)*” are given in figure 5. 

When we asked students what they learned, 
one student wrote, “Now I understand why you 
subtract 3 when moving to the right, other than 
just [because of] the formula.” This is exactly the 
response we hoped for from students. 


CONCLUSION 

In most of the examples discussed here, transfor- 
mations were performed on general functions, 

y =f (x). Thus, the method we describe here can 
help students understand transformations on poly- 
nomials, trigonometric functions, logarithmic func- 
tions, exponential functions, or any other type of 
function. It can even be extended to nonfunctions, 
such as conic sections. 

For both teachers and students, using the Com- 
mon Core Standard for Geometry and Congruence 
will illuminate the behavior of function transforma- 
tions and their compositions. When introducing 
transformations of functions or when asked why 
the function y = f(x - 3) translates the function 
y = f(x) three units to the right, teachers can make 
a connection to CCSS G-CO.2 and the notion of 
translating ordered pairs as demonstrated here. The 








comparison of students’ responses on pre- and post- 
assessments indicates that viewing transformations 
of functions using ordered pairs aids understand- 
ing. Students created a meaningful connection that 
illustrated why function transformations behave as 
they do. 
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CONNECTING Rest 


Nicholas J. Gilbertson, Samuel Otten, 
Lorraine M. Males, and D. Lee Clark 


Not All Opportunities to Prove 
Are the Same 


or many American students, high 

school geometry provides their 

only focused experience in writing 
proofs (Herbst 2002), and proof is often 
viewed as the application of recently 
learned theorems rather than a means of 
establishing and understanding the truth 
of general results (Soucy McCrone and 
Martin 2009). 

Consider the following task: 


Connecting Research to Teaching appears 
in alternate issues of Mathematics Teacher 
and brings research insights and findings 
to the journal's readers. Manuscripts for 
the department should be submitted via 
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Prove that at least one of the medians 
in any isosceles triangle is also an 
altitude. 


Take a moment to think about how 
you might approach this task before 
continuing on. Your proof would likely 
start with a statement such as, “Let ABC 
be an isosceles triangle with sides AB 
and BC the congruent sides.” A series of 
properties would probably follow, lead- 
ing to the conclusion that the median 
whose vertex is the intersection of the 
two congruent sides is also an altitude. 

Now consider a similar task, with a 
sample proof included (see fig. 1). What 
differences do you notice between the 
two proving tasks? Are the prompts 
simply restatements of one another, or 
are they different in some meaningful 
way? Now consider the complete proofs. 
Are the two proofs the same or differ- 
ent? At first glance, the proofs may look 
nearly identical. In fact, a proof of the 
first claim may very well include all the 
statements in the worked example (see 
fig. 1), but it is also likely to contain an 
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extra line indicating the generic nature 
of isosceles triangle ABC—the “Let 
ABC...” step mentioned above. 

Choosing an arbitrary representative 
to reason about is an important step in 
a proof dealing with a class of objects 
(such as isosceles triangles) because it 
allows one to reason about a particular 
object to justify claims about the entire 
set. In the worked example, the given 
triangle might be viewed as the particu- 
lar triangle ABC in the diagram or as a 
representative of the class of all isosceles 
triangles. Further, the claims are differ- 
ent: The claim in the first task is gen- 
eral, whereas the claim in the worked 
example is particular. 

Students may not notice a distinction 
between the claims associated with the 
two proving tasks. In addition, students 
may view the triangle given in figure 1 
as a particular triangle or as a represen- 
tative of a general class of mathematical 
objects. 

Imagine a typical high school geom- 
etry class in which students are discuss- 
ing the median-altitude conjecture, with 










AABM = ACBM 
ZBMA=ZBMC 
mZBMA = 90° 

BM is an altitude 





M is the midpoint of AC 


Side-side-side theorem 


Corresponding parts of congruent triangles are congruent 
ZBMA & Z BMC are supplementary 
Definition of an altitude 











Fig. 1 A proof for the median-altitude conjecture does not indicate the generic nature of triangle ABC. 


some students viewing the situation as 
particular and others viewing it as gen- 
eral. From the teacher’s perspective, it 
may be quite difficult to identify how a 
student is thinking about these two very 
similar situations even if the student 
clearly describes his or her thinking. 
The matter may be more complicated 
for students because they may not even 
be aware of the perspective that differs 
from their own. The resulting discus- 
sion may appear quite coherent, but 

in reality students are talking past one 
another and thinking about the math- 
ematical claim and argument in signifi- 
cantly different ways. 

This imagined situation is not hypo- 
thetical. Researchers have documented 
that students do not always see the dis- 
tinction between particular and general 
claims (Harel and Sowder 2007). For 
example, Chazan (1993) reported that 
some geometry students who proved 
a general claim believed that they had 
proven only the statement for the spe- 
cific diagram used in the proof. Herbst 
and Brach (2006) found that some 
geometry students were able to distin- 
guish between a general proof situa- 
tion (such as the first situation that we 
posed about any isosceles triangle) and 
a particular proof situation (such as 
that shown in fig. 1). However, these 
students viewed only the particular 
problems as their responsibility as stu- 
dents; general claims and justifications 
were seen as being the responsibility of 
teachers or textbooks. 

In addition, Buchbinder and Zaslavsky 
(2011) found that careful guidance 
toward a doubting mindset and purpose- 
ful selection of examples for claims were 


needed to support students in negotiat- 
ing the distinctions between particular 
and general proof situations. With these 
supports, the distinctions could lead to 
increased understanding of proof; with- 
out them, the distinctions can become a 
barrier to students’ proof performance. 
To move flexibly between the gen- 
eral and particular statements, students 
should be able to recognize at some 
broad level how these two statement 
types differ. Two major contributing 
factors that help shape students’ oppor- 
tunities to make this distinction are 
teachers and the textbooks they use. At 
the end of this article, we share sugges- 
tions about how to teach reasoning and 
proving, but first we look more deeply 
into the opportunities provided within 
textbooks for reasoning and proving. 
Although teacher implementation of 
textbook lessons varies widely (Tarr et 
al. 2008), textbooks play an important 
role in shaping students’ opportunities 
to learn (Stein et al. 2007). In the next 
section, we provide findings from our 
study of reasoning-and-proving opportu- 
nities in high school geometry textbooks, 
which builds on other textbook analyses 
(Thompson et al. 2012; Davis 2010). 


REASONING AND PROVING IN 
GEOMETRY TEXTBOOKS 

To characterize reasoning-and-proving 
opportunities in high school geometry, 
we sampled six stand-alone—that is, 
nonintegrated—geometry textbooks. 
The textbooks we chose were CME 
Geometry (CME Project 2009); Geom- 
etry (Carter et al., Glencoe-McGraw 
Hill, 2010); Geometry (Burger et al., 
Holt McDougal, 2011); Discovering 


Geometry (Serra, Key Curriculum, 
2008); Geometry (Bass et al., Prentice 
Hall, 2009); and Geometry (Benson et 
al., UCSMP, 2009). These textbooks 
were chosen because they are from the 
most widely used series in the United 
States, accounting for approximately 90 
percent of textbooks used in American 
classrooms (Dossey et al. 2008). 

Within each textbook, we stratified 
the sample by chapter and included a 
minimum of 30 percent of the canonical 
sections from each chapter as well as the 
chapter review. In a chapter with seven 
sections, for example, we included four 
of the sections in our sample to meet the 
minimum 30 percent threshold. This 
stratification resulted in actual coding of 
44 percent of sections across textbooks. 
Each canonical section was broken into 
roughly two parts—the exposition and 
the exercises. The exposition typically 
included worked examples and author 
explanations, whereas the student exer- 
cises are problems intended for students 
to work. 

Working from the frameworks of 
Johnson and colleagues (2010) and 
Stylianides (2009), we coded all state- 
ments and exercises that addressed 
reasoning and proving in the sampled 
sections (for more details about the 
framework used, see Otten et al. forth- 
coming). Reasoning-and-proving activi- 
ties were construed broadly to include 
the formulation of claims or conjectures, 
investigations or explanations of claims, 
and more formal proving activities. We 
also coded statements as to their location 
in the text, whether they occurred in 
the exposition (the beginning narrative 
part of a lesson) or the student exercises. 
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Fig. 2 The bar graph indicates the relative percentage of claims stated generally in the exposition 


and exercises in each textbook. 


In addition, we coded the statement type 
(general or particular) and the type of 
activity (e.g., finding a counterexample, 
investigating a conjecture, writing a 
proof). 

Because geometry courses have 
been the traditional home for deduc- 
tive reasoning in the United States, we 
anticipated seeing many opportunities for 
students to reason and prove within the 
textbooks. Table 1 shows the number of 
exercises in our sample within each text- 
book and the relative frequency of rea- 
soning-and-proving exercises within each 
textbook. Although the raw number of 
exercises varied greatly among textbooks, 
the proportion of exercises that addressed 
reasoning and proving were generally 
around 20 to 25 percent across textbooks. 
These data indicate that thoughtful selec- 
tion of homework exercises might result 


in many opportunities for students to 
engage in reasoning and proving. They 
also indicate that less thoughtful selec- 
tion of exercises could result in 75 to 

80 percent of exercises having little to 
no opportunity for students to engage in 
reasoning and proving without addi- 
tional teacher support. 

The second result we share focuses 
on the types of claims that appear in the 
opportunities for reasoning and proving 
within the textbooks. The bar graph in 
figure 2 shows the relative percentage 
of claims stated generally in the exposi- 
tion and the relative percentage of claims 
stated generally in the student exercises. 

One major trend is that in the expo- 
sition, students encountered explana- 
tions that were typically more general 
in nature. A major shift occurs in the 
exercises, however, where students are 
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more likely to see problems that focus on 
particular situations rather than general 
ones. As a result, students are often told 
about general situations—for example, 
theorems—but then, in their homework, 
are asked to reason about situations that 
are particular in nature. This result may 
have important implications for how 
students view what it means to reason 
and prove in their geometry course. 
More specifically, because general situ- 
ations necessitate the use of deductive 
reasoning, students may see the call to 
use deduction in problem situations that 
are not general simply as an arbitrary 
exercise instead of a means of establish- 
ing the validity of a statement. 

These findings demonstrate how stu- 
dents might have relatively few opportu- 
nities to engage in reasoning and prov- 
ing about general claims and thus few 
opportunities to see how general claims 
require different forms of reasoning (i.e., 
deductive reasoning) than do particular 
claims. Given the relatively low fre- 
quency of general claims in the exercises, 
it would not be surprising if students 
misinterpret general claims as particular 
ones. What, then, might a teacher do to 
support students in seeing the distinction 
and relationship between particular and 
general claims? In the next few sections, 
we provide some suggestions. 


BRIDGING THE PARTICULAR- 
GENERAL DIVIDE 

At this point, readers may be think- 

ing that by critiquing the prevalence 

of particular situations in the student 
exercises, we advocate eliminating 
such opportunities from high school 
geometry textbooks or at least reducing 
them in favor of more general opportu- 
nities. Such an approach would likely 
be pedagogically disastrous. Particular 
reasoning-and-proving situations do play 
an important role in helping students 
connect mathematical ideas in a variety 
of situations. The problematic issue, we 
contend, is the minimal opportunities 
provided for students to reason about 
general cases compared with particu- 
lar ones. In our analysis, however, we 
found cases that do provide opportu- 
nities for students to move from the 
particular to the general (such as that 
shown in fig. 3), what Mason and Pimm 


Prove that a parallelogram with per- 
pendicular diagonals is a rhombus. 


A 


D o 


Given: Parallelogram ABCD with 
perpendicular diagonals AC and BD. 


Prove: ABCD is a rhombus. 





Fig. 3 Some cases do exist where students. 
can reason generally. 


(1984) referred to as “seeing the general 
in the particular” (p. 277). 

The problem in figure 3 is represen- 
tative of a statement type that we catego- 
rize as bridging because it invites discus- 
sion about how the general claim can be 
addressed with the specific figure given. 
Bridging statements appeared throughout 
all six textbooks that we analyzed, rang- 
ing from 2 percent (CME) to 10 percent 
(Glencoe). This statement type often 
occurred within the exercises (similar to 
those in fig. 3) or when a claim (e.¢., a 
theorem) in the exposition was left to the 
student to prove later as an exercise. 

The bridging statement in figure 3 is 
general, but the authors have performed 
the important step of universal general- 
ization—that is, selecting the arbitrary 
representative to reason about for the 
entire set of parallelograms. It is not 
clear how a student might interpret this 
type of problem and whether his or her 
proof would be about the particular par- 
allelogram given or all parallelograms. 

This lack of clarity could be seen as 
muddying the waters between state- 
ment types. Instead, this statement type 
(a general situation with a particular 
instantiation provided) could be used 
as an opportunity for teachers to talk 
with their students about the differences 
between particular and general claims. 
More specifically, bridging statements 
could be a starting point for discussing 
the distinctions between the particular 
figure and the general situation it rep- 


resents as well as the different ways in 
which students could and likely do inter- 
pret the situation. 

The data presented here provide an 
indication of the types of opportunities 
students have for reasoning and proving 
when using these textbooks. Although 
textbooks do play an important role in 
the types of learning opportunities avail- 
able to students, the implementation 
of curricular materials is also critically 
important. Understanding the types of 
opportunities associated with different 
statement types may positively affect the 
way students use and view proof. 


IMPLICATIONS FOR 

THE CLASSROOM 

In the context of reasoning and prov- 
ing, recognizing the distinction between 
general and particular situations is 
important because deductive reasoning 
allows one to make and justify claims 
about entire classes of mathematical 
objects. One cannot prove a claim about 
all isosceles triangles by simply doing a 
few examples and empirically reason- 
ing about them—for example, through 
measuring. From a pedagogical perspec- 
tive, general claims necessitate deductive 
reasoning because such claims cannot be 
proved in any other way. In contrast, if 
the situation is simply about some given 
triangle ABC, measuring seems like an 
appropriate and reasonable method, and 
asking for a proof might seem like an 
arbitrary request. Harel and Tall (1991) 
remind us that our goal as teachers 
should be to help students realize the 
intellectual necessity of deductive rea- 
soning rather than just requiring them 
to engage in it. 

In the curricula we analyzed and 
from our own experiences as teachers 
and students of high school geometry, 
we can safely make two assumptions: 
(1) Reasoning and proving is an inte- 
gral part of the curriculum, and (2) the 
spatial nature of geometry necessitates 
diagrams to help with sense making. 

A single example can be powerful in 
helping students see the differences and 
connections between general and par- 
ticular perspectives. Yet when examples 
are provided publicly, the level of par- 
ticularity or generality is known best 
by its author, whether the textbook, the 


teacher, or the student. Just because 

a teacher or textbook asks a student 
about a particular or general situation, 
we should not assume that the student 
will necessarily interpret the question 
as intended. 

For this reason, when students or 
teachers present diagrams representing 
general relationships, they must pay 
attention to others’ possible particular 
interpretation of these diagrams. In 
other words, even if someone draws 
a specific figure and intends for it to 
represent an entire class, others may be 
thinking and reasoning about only that 
one object. 

This is not to say that textbooks and 
teachers should never provide repre- 
sentations. Rather, we maintain that by 
empowering students to articulate the 
generality of a representation, students 
can be afforded more opportunities to 
justify the level of generality of their 
reasoning even if the given representa- 
tion is particular in nature. One poten- 
tially rich resource that teachers should 
consider using is dynamic geometry 
software because it may motivate stu- 
dents to consider the need to represent 
a class of geometric objects (e.¢., all 
isosceles triangles) with a single figure. 
By paying careful attention to student 
thinking and how students describe 
their thinking, teachers and students 
should be better positioned to uncover 
any inconsistencies between interpreta- 
tions of a claim. 

Because of the subtleties in both the 
distinctions and the interrelatedness 
of particular and general statements, 
research suggests the need for teachers 
to look at textbooks with an eye toward 
how some statement types may support 
or hinder the necessity for students 
to use deductive proof. Such analysis 
includes looking for places where stu- 
dents might misinterpret a general claim 
for a particular example and finding 
opportunities to extend the conversa- 
tion from a particular problem to the 
more general case. By doing so, we 
anticipate that students will have a bet- 
ter chance to gain flexibility in reason- 
ing across general and particular situa- 
tions so that they might see the power 
in establishing mathematical truths 
through deductive reasoning. 
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Great Problems 


“A great discovery solves a great problem, but there is 
a grain of discovery in the solution of any problem” 
— George Pélya (1957) 


What makes a great problem? 

The Editorial Panel of Mathematics Teacher wants you 
to share your great problems with other teachers. The 
Panel invites manuscripts that address the following 
questions: 


e What is your favorite mathematical task? What makes 
it a great problem for students? What learning oppor- 
tunities does this problem provide? What opportuni- 
ties for student inquiry does this problem provide? 

e What nonroutine mathematical tasks have you tried 
with students in grades 8-14 or in teacher education 
courses? How do such tasks connect to core school 
mathematics topics? How do these tasks open up 
opportunities for all students to make connections 
across mathematical ideas? 

e Where do you find problems that drive great lessons? 
What specific multimedia resources or technologies 
could enrich teachers’ ability to pose mathematical 
questions in a classroom? How have you integrated 
such resources into your classroom instruction? 
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e What are examples of lessons or units that you have 
designed from great problems? 


We would welcome regular feature articles or those 
submitted to departments such as Back Page: My Favorite 
Lesson; Activities for Students; Media Clips; Mathematical 
Lens; Delving Deeper; or Reader Reflections. 

We are especially interested in mathematical tasks 
that engage students, promote sense making, and gen- 
erate rich discussions and, in so doing, support NCTM’s 
Process Standards and the Common Core Standards for 
Mathematical Practice. 

You may submit your completed manuscript for 
review by accessing mt.msubmit.net. Indicate that the 
manuscript is being submitted in response to the call 
Great Problems. Be sure to enter the call’s title in the 
Department/Calls field. No author identification should 
appear in the text of the manuscript. Additional guide- 
lines for preparation of manuscripts can be found at 
www.nctm.org/publications/content.aspx?id=10452. 
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TECHNOLOGY 


Maura Murray 


Building Interactive 
Demonstrations with Sage 


age is an open-source software 

package that can be used in many 

different areas of mathematics, 
ranging from algebra to calculus and 
beyond. One of the most exciting peda- 
gogical features of Sage (http://www 
.sagemath.org) is its ability to create 
interacts—interactive examples that can 
be used in a classroom demonstration or 
by students in a computer laboratory. By 
accessing a simple Web-based Sage Note- 
book interface, we can quickly compute 
a diverse range of examples, such as 
finding the prime factorization of a posi- 
tive integer or graphing transformations 
of functions. Graphing calculator explo- 
rations translate nicely into Sage, and 
the interact feature makes them much 
more dynamic. 


Technology Tips, which provides a forum 
for innovative uses of technology in the 
teaching and learning of mathematics, ap- 
pears seven times each year in Mathematics 
Teacher. Manuscripts for the department 
should be submitted via http://mt.msubmit 
.net. For more background information on 
the department and guidelines for submis- 
sion, visit http://www.nctm.org/publications/ 
content.aspx?id=l0440#tech. 


Edited by Larry Ottman 
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Let’s explore how to get started in 
Sage, go over a few basic commands, and 
then create some interactive demonstra- 
tions. We will touch on only a small 
fraction of Sage’s powerful capabilities; 
additional resources are cited at the end 
of this article. 

The simplest way to use Sage is 
through remote access of your own 
Sage Notebook account (freely available 
at http://www.sagenb.org/). Click on 
Select an OpenID provider and follow the 
prompts to set up a unique username 
and password (see fig. 1). 

We will start by computing a simple 
multiplication problem, 3+ 4, in a new 
worksheet in the Sage Notebook. Once 
you are logged in, go to the menu in the 
upper-left corner and select New work- 
sheet. A pop-up will appear in which 
you rename the worksheet, or you can 
just keep the name Untitled by hitting 
the return key. 

The rectangle that appears in the new 
worksheet is an input cell, which is acti- 
vated by clicking inside the cell. When 
activated, the input cell will appear out- 
lined in blue. Enter 3*4 into the activated 
cell and then click on evaluate underneath 
the cell on the far left (see fig. 2). 

Now let’s look at some basic Sage com- 
mands—factor, plot, and Combinations. 
Enter the command factor(1234) into the 
next active cell and then click on evaluate 
(see fig. 3). The output, indented slightly 
below the command, gives the prime fac- 
torization of the integer 1234. 

The plot command can be used to 
graph a function such as f(x) = .x° on the 


144 MATHEMATICS TEACHER | Vol. 107, No. 2 * September 2013 


interval [-1, 1]. Type plot(x*2,(x,-1,1)) into 
the cell highlighted in blue (see fig. 4). 
The second set of parentheses specifies 
the domain for the function. The syntax 
for plotting any function f(x) on [a, b] is 
plot(f(x),(x,a,b)). 

Next we will illustrate the Combina- 
tion command along with two auxiliary 
commands: show and list. These com- 
mands allow us to find the combina- 
tions of any finite set of objects. As an 
illustration, we will find all the ways 
in which we can make sets from a list 
of three people—for example, Anna, 
Brian, and Casey. Begin by typing in the 
next cell set=[“Anna","“Brian”,“Casey"] 
and hit return. Do not evaluate the 
cell yet because we will enter another 
line that will use the set we just cre- 
ated. Type show(Combinations(set). 
list()) immediately underneath the 
line set=[“Anna","Brian","“Casey"], and 
then click on evaluate in the lower-left 
corner. The output (see fig. 5) shows 
all the groups that can be formed from 
the three people—Anna, Brian, and 
Casey—including the empty set, speci- 
fied by the empty brackets: [ ]. The show 
command properly displays the output 
of the function, Combination; the inclu- 
sion of .list() ensures that the output is 
made into a set itself. 

Documentation for any Sage com- 
mand can be found by typing the 
command name and then a question 
mark—such as plot?—into an active 
Sage Notebook cell and then clicking on 
evaluate. Tutorials with a full index of 
Sage commands are available online at 


http://www.sagemath.org/doc/tutorial/. 
Now that we have a few Sage com- 
mands, we can feature them in an 
environment called an interact. Three 
diverse examples will showcase the 
powerful interactive aspects of Sage. 
The first interact demonstrates an explo- 
ration of number theoretic properties. 
Students can investigate questions such 
as these: Given a positive integer, n, is n 
prime or not? How do we answer that 
question efficiently as n gets large? 


INTERACT 1: NUMBER 
THEORETIC PROPERTIES 

To start an interactive display, type 
@interact into the input cell. Do not 

click on evaluate; rather, hit return and, . 
directly underneath @interact, enter 

def _(n=(1..1234)):. Make sure that you 
insert a space immediately following def 
and then type an underscore before the 
open parenthesis. The underscore starts 
either the slider definition or the input 
box definition; a final colon separates the 
slider or input box from the function or 
functions used in the interact (see fig. 6). 
On the next line, type print factor(n) and 
then click on evaluate. If this line is not 
automatically indented as in figure 6, 
then indent it manually. These three lines 
allow us to find dynamically the prime 
factorization of any positive integer less 
than or equal to 1234. Figure 6 shows 
the completed interact and the resulting 
factorization of 265. 

Students can produce many interac- 
tive examples with Sage by clicking on 
and dragging the slider (highlighted in 
blue) or using the left and right arrow 
keys to alter the value of n. As the value 
of n changes, the output changes dynam- 
ically without students having to click 
on evaluate again. 

In addition to possibilities for explo- 
rations through Sage in a prealgebra or 
algebra classroom, students could take the 
time at the beginning of a unit on polyno- 
mial factorization techniques to review 
integer factorization. They can build con- 
fidence and the numerical skills necessary 
to determine the greatest common factors 
from polynomials. For example, if we 
have the polynomial 107x* + 457x, how 
do we know definitively that the greatest 
common factor of 107x° and 457x is just 
x? Students can examine such atypical 


SOQE The Sage Notebook 


Version $A 





Welcome! Sign into the Sage Notebook v5.4 


Sage is a different approach to mathematics software. Username 


The Sage Notebook 


Password 

With the Sage Notebook anyone can create, collaborate on, and publish interactive worksheets. In a worksheet, one can — 

write code using Sage, Python, and other software included in Sage. 

2 . ( Remember me 

General and Advanced Pure and Applied Mathematics 

Use Sage for studying calculus, elementary to very advanced number theory, cryptography, commutative algebra, group asians) 

theory, graph theory, numerical and exact linear algebra, and more. Braves mbisted ae eae 
Browse published Sage worksheets 
{no login required) 


Use an Open Source Alternative 


By using Sage you help to support a viable open source alternative to Magma, Maple, Mathematica, and MATLAB, Sage 
includes many high-quality open source math packages. 


Use Most Mathematics Software from Within Sage 


Sage makes it easy for you to use most mathematics software together. Sage includes GAP, GP/PARI, Maxima, and 
Singular, and dozens of other open packages. 
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You work with Sage using the highly regarded scripting language Python. You can write programs that combine serious 
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Fig. 1 At the online Sage Notebook sign-in screen, users must first choose an OpeniD provider 
such as Google or Yahoo! 


SOQE The Sage Notebook 
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34 
12 
(evaluate) 





Fig. 2 The cell with the problem 3*4 is evaluated, and a new cell becomes available for input. 








plot(x*2, (x, -l, 1)) Us 

















(evaluate ) 





Fig. 4 The command plot(x*2,(x,-1,1)) plots the function f(x) = Xeon iets 


Vol. 107, No. 2 * September 2013 | MATHEMATICS TEACHER 145 


set = ["Anna", "Brian", "Casey"] 
show(Combinations(set).list()) 





[{], [Anna], [Brian], [Casey], [Anna, Brian], [Anna, Casey], [Brian, Casey], |Anna, Brian, Casey]] 





(evaluate ) 





Fig. 5 A set of three people is defined, and then all possible groupings are found. 


@interact 
def _(n=(1..1234)): 
print factor(n) 








Fig. 6 This interact can be used to find the prime factorization of any integer between 1 and 1234. 





[@interact 
|def _(n=(1..1234)): 
print factor(n); print sgrt(1.0*n) 





2s eS eo 
13.6381816969859 









‘@interact 
|def _(n=12): 
print factor(n) 





Fig. 7 The factoring interact has been modified to include Vn in the output. 







Fig. 8 The factoring interact now uses a dynamic input box rather than a slider. 


coefficients with the use of Sage and ask 
questions about efficiently factoring any 
integer. Sage can quickly confirm that 

the integers 107 and 457 are prime, and 
students can verify these results manually 
by dividing by successive primes less than 
the number’s square root. 

The code can be modified to display 
the square root of n along with the prime 
factorization by clicking in the code cell 
until it is highlighted in blue and then 
inserting a semicolon after factor(n), a 
space, and the command print sqrt(1.0*n) 


(see fig. 7). Click on evaluate to make 
the changes active. The command 1.0*n 
makes sure a decimal approximation of 
the square root is displayed. Otherwise, 
the command sgrt(n) returns the exact 
square root of n, which is not as useful 
for this exploration. 

If you want to change the slider to an 
input box instead, start with @interact 
in a new cell, press return, and then type 
def _(n=(12)):. Press return and then print 
factor(n). Clicking on evaluate creates an 
input box with the input 12, which you 
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can then change to other positive integers. 
To change the input, just click in the box, 
delete 12, insert another integer value, 
and then press return (see fig. 8). 


INTERACT 2: EXPLORING 
GRAPHS AND FACTORIZATION 
The second interact allows for dynamic 
exploration of the graph of f(x) = ax*+ 
bx +c and the factorization of ax* + bx 

+ c. By looking at these two pieces of 
information simultaneously, students 
can better understand how values of x 
where ax’ + bx + c= 0 relate to the graph 
of f(x) = ax’ + bx + c. Students can inves- 
tigate questions such as these: How do 
you know when f(x) crosses the x-axis 
at integral values of x? Can you predict 
when a quadratic will stay above or 
below the x-axis? 

To start this interact, we will first 
need to define a, b, and c as variables 
outside the interact environment. 

First, enter var(‘a’) in a new cell. Click 
on return without evaluating the cell 
and enter var(‘b’) directly underneath 
var(‘a’). Press return and repeat the pro- 
cess for c. Hit return and type 
@interact. Then press return and enter 
def_quadratic(a=1,b=2,c=-3):. 

Now we are ready to define what the 
interact will do. Press return and type 
print(factor(a*x*2+b*x+c)) on the next 
line. Note that multiplication is not 
implicit in this case, so you must include 
the *. Finally, press return and type show 
(plot(a*x*2+b*x+c,(x,-10,10))). Before 
clicking on evaluate underneath the cell, 
check that all the appropriate parenthe- 
ses are in place (see fig. 9). 

The function f(x) = ax’ + bx +c is 
graphed in the window (-10, 10) with 
initial values of a= 1, b=2, andc=-3. 
Click in the input boxes next to a, b, and 
c and change the values there. Hit return 
or click in the next cell as you update 
each one, and the graph and factorization 
will change. If the window needs to be 
changed, edit the last part of the interact 
to obtain a smaller or larger window as 
needed. Click back into the interact code, 
update just that one line, and then click 
on evaluate underneath the cell. 

Students can explore such challenges 
as finding two quadratics that cross the 
x-axis at, for example, x=-2 andx=4. 
Two answers are (x + 2) + (x - 4) and 


























var('a') var('a') 
var('b') var('b') 

a var('c') 
part ec.) @interact 
@interact def _quadratic(a=1,b=2,c=-3): 
def _quadratic(a=1,b=2,c=-3): print (factor (a*x*2+b*xtc));print b*2-4.0*a*c 

print (factor (a*x*2+b*x+c) ) Seow eae ve ee eextee (x 107401) 

show(plot(a*x*2+b*x+c, (x,-10,10))) 

(a) 
(a) 
/ 
1 / 
° i 
N m 
\ ? 
& / 
a: 7 pa 
(b) | (b) 
Fig. 9 The code in (a) sets up an interact to produce the graph and Fig. 10 Once the code is adjusted (a), the discriminant of f(x) = 
factoring in (b). x*+ 2x - 3 is included in the interact output (b). 
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set =[("Anna", 

@interact 

def _(k=2): 
show(set) 
print "The groups of size k are:" 
show(Combinations(set, k).list()) 


(a) 


"Brian", "Casey", "Diego"] 


{Anna, Brian, Casey, Diego] 


The groups of size k are: 


{[Anna, Brian], [Anna, Casey], (Anna, Diego], 
(Brian, Casey], [Brian, Diego], (Casey, Diego]] 








(b) 


Fig. 11 This display (a) shows the code for an 
interact that finds groups of size n from a Set; 
the output produced by this command appears 
in (b). 


-(x + 2) + (x - 4), but students should be 
pushed to find more possible answers. 
As they play with Sage, they can discover 
that any constant times (x + 2) + (x - 4) 
yields the same result. 

The discriminant can be incor- 
porated into this interact by add- 
ing another print command after 
print(factor(a*x*2+b*x+c)). Click back 
into the code, insert a semicolon imme- 
diately after print(factor(a*x*2+b*x+c)), 
and type print b*2-4,0*a*c (see fig. 10); 
then click on evaluate. 

By changing the values of the param- 
eters, students can explore how to pro- 
duce quadratics that stay above or below 
the x-axis, Hor example,a = 2, )— 7, 
c= 10 produces a quadratic with a dis- 
criminant of -31 and the graph of this 
quadratic will stay above the x-axis. 


INTERACT 3: COMBINATIONS 
The third interact quickly computes all 
possible combinations of the set speci- 
fied before the interact, allowing stu- 
dents to address such natural questions 
as, How many groups of k students can 
be formed from a class of size n? 

We will first illustrate how to cre- 
ate groups of size two from a class of 
four students—Anna, Brian, Casey, and 
Diego. Type set=[“Anna","Brian",“Casey", 
“Diego"] and then hit return without eval- 
uating the cell. Next, type @interact and 
then press return. Directly underneath 
@interact type def_(k=2):, hit return, and 
type show(set). Press return and type print 





Maura_Murray Toggle | 








Home | Published | Log | Settings | Help | Report a Problem | Sign out 


(Save e Save & quit AL Discard & quit 











Fig. 12 This screen shot of the upper-right corner shows the Share command. 


“The groups of size k are: “. Finally, press 
return and type show(Combinations(set,k). 
list()). See figure 11. Click on evalu- 
ate beneath the cell, and the following 
output shown in figure 11b will be 
displayed. 

Students can explore conjectures 
about other group sizes by clicking in 
the input box and replacing the 2 with 
0, 1, 3 or 4. After a change in the input 
box, hitting return makes the change. 

Once the original interact (interact 3) 
is created, students can investigate other 
questions by altering the set to include 
their entire class or other groups that 
they are interested in pairing, tripling, 
or quadrupling off with. 

A helpful pedagogical feature of 
Sage is the Share option, featured in the 
upper-right corner of the screen (see 
fig. 12). Share can be used to share your 
work with specific users. Students can 
set up free accounts, and then teachers 
can share templates that they would like 
their class to have by entering the stu- 
dents’ usernames after clicking on Share. 
Interacts or just sample code can be 
prepared before class and shared; then, 
when students open their accounts, the 
shared file is available for use at home or 
in the classroom. 


SURFING NOTE 


More and more mathematics teachers are 


using digital content to help them find 
new and engaging ways to shift the way 
class time is being used. A website that 


provides access to online tools that allow 
teachers or students to create digital con- 


tent through a “whiteboard” interface is 


We have touched on only a small 
fraction of Sage’s capabilities and peda- 
gogical uses. A Sage tour, providing an 
overview of its many other capabilities, 
is available at http://www.sagemath 
.org/doc/a_tour_of_sage/. Quick refer- 
ence cards are available at http://wiki 
.sagemath.org/quickref, with lists of 
basic (and not so basic) Sage commands. 
With a minimal investment—only 
time—students can use this dynamic 
computer algebra system to get a taste 
of computer programming and instantly 
share their results with their classmates. 
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The authors—two mathematicians and one 
mathematics educator—wondered about physi- 
cal models: What assumptions are made in using 
representations to help students, teachers, and 
mathematicians better understand mathematical 
ideas? When should we be cautious or skeptical 
about what physical or visual models suggest? These 
questions led to discussions within our department 
that involved ideas of proof and the extent to which 
visual models can convince others of the validity of 
mathematical claims. In addition, we began to con- 
sider the mathematical tools used to generalize mea- 
surement methods. Here we focus on understanding 
area formulas for circles and ellipses, but readers are 
encouraged to think more broadly about the benefits 
and limitations of using physical representations as 
tools to understand abstract ideas. 

NCTM’s Measurement Standard recommends 
that students be given opportunities to approxi- 
mate and apply informal ideas of upper and lower 
bounds in measurement situations (2000, pp. 
44-47). For example, in developing an understand- 
ing of the area enclosed by a circle, students might 
inscribe a square with diagonal lengths of 2r (area 
2r’) and circumscribe a square with side lengths of 
2r (area 41’), the first steps used by Archimedes to 
approximate the area inside a circle (Ozgiin-Koca 
2007). Using this model, we find that the area 


inside the circle is between 27° and 4r*. Averaging 
those measurements produces a closer approxima- 
tion to the formula for the area of a circle as 37”. 

A second way to make sense of the area inside 
a circle affords opportunities to develop ideas of 
successive approximations and the limit, concepts 
foundational to measurement and calculus. A paper 
disk of radius r is cut into wedges and rearranged 
(see fig. 1) into a “bumpy parallelogram” (Bennett, 
Burton, and Nelson 2010). Successive sectioning 
produces a closer and closer approximation to a 
parallelogram with h=r and b= ar. Note that we 
are defining z as the value of the ratio of the cir- 
cumference to the diameter. Multiplying the base 
by the height of this “parallelogram” again suggests 
the formula for the area of the circle—ar’. 

A third model for understanding the develop- 
ment of the formula for the area inside a circle is 
found in Japan’s national mathematics curricu- 
lum (Hironaka and Sugiyama 2006). This model 
uses concentric rings to fill the disk. The textbook 
describes rings made of rope that, when straight- 
eneu and stacked, form a “triangle” (see fig. 2). 
We discovered that waxed string (commercially 
called Bendaroos®) provided a promising physical 
material for modeling the actions, but we became 
interested in whether the method itself was math- 
ematically valid. Analysis of this circle-to-triangle 
method is the focus of this article. 

The physical model reveals that each string 
is longer than the previous one by a constant 
amount. That makes sense because the strings 
correspond to circumferences of circles with radii 
that are a constant amount (width of one string) 
larger with each circle. Moreover, each circumfer- 
ence is directly proportional to its radius, and 27 
is the constant of proportionality. If we imagine 
infinitely many infinitely thin strings, the shape 
produced is a triangle with base 2zr and height r 
(or with base r and height 277), as suggested in 
figure 2. The area of the circle can be found using 
the formula for the area of a triangle (A = bh/2); 
in these cases, the area is (2zr) + r/2 =r- (2z1r)/2, 
which again simplifies to 27°. This model could be 
used to motivate the use of the integral to find the 
area of a circle: 


Dita s 
=f 





foxx = 
0 


The model constructed with Bendaroos seemed 
to be a useful tool to support understanding of the 
area of a disk. However, we wondered about the 
validity of “uncurving” the concentric strings that 
filled the disk into straight strings that filled the tri- 
angle. Our concern was that the “cut” to the center 
of the disk (the red line segment in the first image 






4 wedges 









Source: Education (2000) 





Fig. 1 The area of a circle can be understood by rearranging wedges into a “bumpy 
parallelogram." 








Fig. 2 The area enclosed by a circle can be understood using concentric rings that 
are cut along the red segment, unwrapped, and arranged to make two triangles. 
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Fig. 3 Functions that stretch and compress can be explored. 
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Fig. 4 One example of an area-preserving function is the shearing function. 


in fig. 2) had had a length of r, but straightening 
the strings appeared to lengthen the “cut length” 
(sides of the triangle). This seemed to present a 
situation in which a physical representation of an 
abstract model may introduce anomalies. Certainly 
lengths (if not areas) were being distorted. Further, 
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Triangle 


f(xy)= 
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Fig. 5 The process of transforming the triangular region into the circular disk involves curving the segments. 


this may be a case in which physical materials are 
underscoring problems with the theoretical model, 
problems that might be investigated using math- 
ematical tools. 


A TRANSFORMATION FUNCTION 

FROM TRIANGLE TO CIRCLE 

To consider the kinds of distortions that might be 
occurring in the circle-to-triangle transformation, 
we examined some simple transformations that dis- 
tort shapes. Imagine a rectangular space filled by 
thin strips (see fig. 3). Stretching those strips in the 
horizontal direction, using the function s(x, y) = 
(2x, y), clearly changes the area of the rectangle. 
But a stretch in one direction could be compensated 
for by a compression in another, c(x, y) = (x, y/2). 
We might model these two actions with rubber 
strips that are stretched to twice their original 
length and “narrowed” to half their original width. 
The composition of both functions produces 

t(x, y) = (2x, y/2), a function that distorts shapes 
but preserves area. 

A second example in which distortion takes 
place is a shearing function (see fig. 4). Although 
the horizontal segments slide against one another, 
the height remains unchanged, and the total area 
is preserved. Functions such as t(x, y) and h(x, y) 
demonstrate that area can remain constant even 
when lengths are distorted. 

To determine whether the transformation that 
straightens concentric rings preserves area, we tried 
to develop a function to map points inside the disk to 
corresponding points inside the triangle. We found 
that it was easier to reverse the process, starting with 
the triangle of straight segments and curving those 
segments into concentric circles (see fig. 5). 

We imagined a triangle with height 1 filled with 
horizontal line segments (pieces of waxed string), 
one of which is shown in green (see fig. 5). Then 
we considered a point (x, y) on that line segment 
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and built a function that maps (x, y) to a point 
within the unit disk on a green circle of radius y, 
centered at the origin and with circumference the 
length of the green line segment. We mapped the 
midpoint of the line segment to the positive x-axis 
of the unit disk, curving the positive x-direction of 
the triangle’s segment counterclockwise from the 
horizontal axis. 

The point (x, y) from the triangle maps to the 
polar coordinates (r, 8) on the circle where r= y 
and 0 = x/y. The radius of the green circle is y. The 
meaning of 0 is tricky. We reasoned that the dis- 
tance around the purple arc of the circle is x (from 
the diagram of the triangle) and 1 radian (the angle 
made by 1 radius length) is given by an arc length 
of y. So, @ = x/y radians (i.e., a fraction of 1 radian). 
Changing the coordinates for this point from polar 
to Cartesian coordinates, we see that (x, y) maps to 


[yeos(z).usin(s)) 


Expressed as a function, we have 


f(x,y)= (cos(s).asin(=)) 


—Aysx Sry n0= ess eel) 
This function maps a point (x, y) inside the triangle 
to a point on the unit disk. 


DOES THIS TRIANGLE-TO-CIRCLE 
TRANSFORMATION PRESERVE AREA? 

As shown in figure 3, transformation functions 
can impose distortions in the resulting image that 
can change area. We used a linear algebra tool, the 
determinant of a transformation matrix, to inves- 
tigate whether an area change occurs with our 
triangle-to-circle function. Our discussions then 
focused on the questions, What is the determi- 
nant, and how does it detect size changes? Recall 


that a 2 x 2 matrix of numbers can be thought of 
as representing a linear function from the plane 
to itself. We do this by representing a point (x, y) 
in the plane as a column vector and multiplying 
matrix M by the vector to give a new column vec- 
tor, representing the image of this point under the 
linear function. 

As an example, we will use the matrix 


hege 
multiplied by 

< 

Y 
to give 

Seay 
=(3x+y, x+2y). 
| x+2y ( ‘ 4) 


The “linearity” of the map is seen by the fact 
that the images of the straight-line vectors—the 
sides of the unit square in figure 6, 


Co Jel S| 


—remain the straight-line vectors 


mel } 


the sides of the parallelogram in figure 6 in the 
transformation. In figure 6, the image of the unit 
square with the origin as its lower-left corner and 
area = 1 is a parallelogram spanned by the vectors 
formed by the columns of the matrix M. The area of 
this parallelogram is 5 square units and can be mea- 
sured directly on the grid or computed in terms of 
the vectors as the absolute value of the determinant 
of M:3+2-1+1=5. The function represented by 
M distorts both sides of the unit square and, in so 
doing, also scales the area by a factor of 5. 

Why is the determinant of the transforming 
matrix also the factor by which the area is scaled? 
This question took our inquiry discussion group 
on a trigonometric adventure that is nicely summa- 
rized by Konvisser (1981). 

Under a linear transformation defined by a 
matrix M, each unit square becomes a parallelo- 
gram with sides defined by the matrix column 
vectors. The number of parallelograms in the geo- 
metric image is the same as the number of squares 
in the original (see fig. 6). Because each square is 
scaled by det(M) to produce each parallelogram, the 














Fig. 6 A matrix transforms squares to parallelograms and rescales area by the 
determinant. 








Tangent line to y=f(x) atx=X, 





Fig. 7 A nonlinear function does not generally preserve length. 


entire region is scaled by a factor det(M). 

The determinant works well to find the scale 
change of linear functions of two variables, but our 
triangle-to-circle function is nonlinear. To inves- 
tigate whether any scaling of area occurs with our 
transformation, we needed to “linearize” the func- 
tion. We do so by using a matrix of partial deriva- 
tives, called the Jacobian matrix. 

To help us understand why the Jacobian 
matrix was relevant, we considered a simpler 
case, a one-variable situation. We can think of a 
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nonlinear function of one variable, f(x), as mapping 
x-values (such as X,) to corresponding y-values 
(Y,) and intervals on the x-axis to corresponding 
intervals on the y-axis (see fig. 7). The interval on 
the x-axis (orange segment) can be mapped to an 
approximate interval on the y-axis (green segment). 
Because the function f(x) is nonlinear, we use the 
tangent line as an approximation. Note that f(x) 
is not length preserving (i.e., the green segment 
is not the same length as the orange segment) for 
values of x near X, In fact, a function will be length 
preserving only when the slope of the tangent line, 
f(x), is equal to +1 (i.e., when the linear function 
f(x) =+x +b). 

For functions of two variables, we will use the 
Jacobian matrix of partial derivatives, 


Oey 


Df(x9)= af Of 


’ 


as an analog to the derivative of a single-variable 
function. By evaluating the Jacobian matrix at a 
particular point (a, b), we find that the resulting 
numerical matrix describes a linear approximation 
of the function around that point. So if R is some 
small region located around (a, b), then the area 
of the image f(R) is approximately the area of R 
times the absolute value of the determinant of the 
Jacobian matrix at (a, b), and this approximation 
improves as we choose the region R to be smaller 
and smaller. Just as f’(x) = +1 indicates a length- 
preserving function, when the determinant of the 
Jacobian of f(x, y) at a particular point is +1, the 
area of a small region around that point is pre- 
served when fis applied to it. 

Further, we can show that, if det(Jacobian) is 
precisely 1 (or -1) at every point, then applying the 
function f to a region will give an image with exactly 
the same area. By verifying that this triangle-to- 
circle function, equation (1), has a Jacobian matrix 
with determinant of +1 at every point, we rigor- 
ously show that f(x, y) relates two figures (triangle 
and circle) of the same area. 

As an example of how the Jacobian matrix 
detects distortions in area, the composite transfor- 
mation t(x, y) = (2x, y/2) introduced in figure 3, 
can be shown to be area preserving. In this case, the 
partial derivatives are constants and the Jacobian 
matrix, 


Si 1) 
a) 


has a determinant of 1. With this triangle-to-circle 
function, the Jacobian matrix is as follows: 
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Oe yd: 
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cos(*) sin(2 )-(=}cos( 
Computing the determinant of Df(x, y) and simpli- 


fying, we see that it is -1 for (x, y) in the triangle’s 
interior and y # 0: 
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We are thus assured that the function mapping 
all points (x, y) (within the triangle) to points on 
concentric circles in the interior of the unit disk did 
not change the area of the image—that is, f(x, y) is 
area preserving. So if there were distortion in one 
direction, it was compensated for by another dis- 
tortion, and the area of the triangle was ultimately 
preserved in the disk. 


MATHEMATICAL AND 
PEDAGOGICAL INSIGHTS 
Where has this investigation taken us? Our initial 
questions seemed fairly innocent: Can physical 
materials such as Bendaroos be used to understand 
measurement formulas better? If so, what are the limi- 
tations of the materials, and how can more abstract 
mathematical models help overcome some of these 
limitations? As we engaged in a collaborative inquiry 
into these questions, one that required higher-level 
mathematics, we noticed that our group was also 
using mathematical processes and habits of mind that 
we encourage students to practice—reasoning about 
mathematical phenomena, looking for counter- 
examples, examining each part of an argument, 
exploring why analytical tools work, and supporting 
one another in clarifying ideas. We discussed levels of 
proof and proving: What does it take to convince our- 
selves and others of the validity of assertions? (Dodge, 
Goto, and Mallinson 1998; Sowder and Harel 1998). 
This process also helped us think about uses of 
physical models more generally in mathematics edu- 
cation (Arcavi 2003). Physical materials are rough 
approximations for abstract ideas. Sometimes they 
suggest real-world referents for abstract mathematical 
concepts or provide a handle on solving a problem. 
At other times, the model or metaphor might lead to 
overstated or incorrect conclusions. So it is important 
for mathematicians as well as teachers and learners 
of mathematics to consider their selection of physical 


models when representing abstract ideas in particular 
cases. Our group is now exploring under which geo- 
metric conditions the concentric strings model can be 
used to determine area. 

Finally, this exploration increased our apprecia- 
tion of collaboration. The cross-disciplinary inter- 
ests in our conversations energized our group as we 
integrated ideas from mathematics and mathemat- 
ics education. 
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AUTHOR GUIDELINES 


for Mathematics Teacher 


Writing about your work and getting published can be a rewarding 
personal and professional development experience. Following are 
author guidelines formulated by the MT Editorial Panel. 


QUALITATIVE CONSIDERATIONS 

e Preference will be given to articles with the potential for direct 
classroom application, especially those providing evidence of 
classroom practice (including discussion of classroom activi- 
ties, photographs, or examples of student work). 

e¢ Manuscripts from classroom teachers are particularly encour- 
aged. If you wish to discuss your article ideas before submitting a 
manuscript, contact the journal editor at agoetz@nctm.org. 

e Consider submitting a manuscript for one of the current calls 
for manuscripts; these can be accessed at www.nctm.org/ 
publications/content.aspx?id=8756. 

e Manuscripts containing original derivations or proofs without 
specific links to the high school classroom will be referred to the 
Reader Reflections department (if their length is appropriate). 

e Aim for an informal style that appeals to MT readers (review 
recent issues of the journal for examples). 

e Manuscripts that feature the use of technology to teach and 
learn mathematics should be as generic as is reasonable in 
describing products. 

e Proofread your manuscript in advance for English usage, math- 
ematical correctness, and accuracy of references. Use a spell 
checker before submitting your manuscript and recheck it for 
grammar, completeness, spelling of all proper names, and full 
identification of all organizations and groups named by initials 
or acronyms. 


TECHNICAL CONSIDERATIONS 

Preparation of Manuscripts 

1. Double-space all material, including quoted matter, lists, tables, 
notes, references, and bibliographies. Manuscripts should not 
exceed 2500 words (ten pages), not including tables and figures. 
Include only tables and figures essential to understanding. 

2. Put the manuscript title and name(s) of author(s) on a sepa- 
rate cover sheet. No author identification should appear in the 
manuscript. Do not reference your own work in a way that 
compromises the blind-review process. 

3. Provide accurate and complete bibliographical information. 
All references cited in the manuscript should be listed at the 
end of the manuscript. See the Chicago Manual of Style, 16th 
ed. (Chicago: University of Chicago Press, 2010), for addi- 
tional details. 

4. Number all figures and tables; these may appear where appro- 
priate in the text. Refer to them by number—for example, 
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“see figure 1.” Include captions for all figures and tables; cap- 
tions must be complete sentences. The journal designer will pre- 
pare and position figures and artwork, so statements such as 
“insert figure 3 about here” are unnecessary. 

5. Do not use special formatting (color, underlining, text wrapped 
around art, etc.). All such formatting must be deleted before 
the manuscript is typeset. 

6. Do not use footnotes. Integrate whatever text would be in a 
footnote into the body of the manuscript. 

7. Avoid using the MS Word equation editor. Do not use Math- 
Type for simple variable or function names or expressions. 
Expressions such as f(x) or a > 3 should be typed using stan- 
dard word-processing keys, while f(x) = e(sqrt(x%2 + 1)) should 
be created using MathType to obtain f(x) =e” **. 

8. Use geometric symbolism and terminology appropriately. In 
particular, distinguish among segments, lines, rays, and angles 
and the measure of a segment or angle. 

9. Very short programs for programmable calculators may be 
published to support an activity contained in an article. 


Quotations, Photographs, 

Student Work, and Permissions 

10. Copy quoted material exactly. Do not change any words or 
punctuation. Mark each omission by ellipsis points and put 
each interpolation in brackets. Indicate the author’s italics by 
underscoring the words. If you want to add italics yourself, 
insert the phrase “(italics added)” or “(italics mine).” 

11. For every quotation, give the source in full; provide a specific 
page number for each direct quote. Likewise, credit all photo- 
graphs and drawings and reference conference presentations. 

12. You must obtain permission to quote copyrighted material 
and reproduce copyrighted pictures or illustrations. Ordinar- 
ily, it is not necessary to obtain permission to quote a passage 
of less than 100 words from a long prose article or book, but 
permission is needed for more than a single line of poetry 
and for more than 25 words of a short prose composition. It 
is the author’s responsibility to obtain the appropriate writ- 
ten permission for the use of any copyrighted material in his 
or her manuscript. 

13. Submit photographs and student work electronically along 
with the manuscript. Obtain parental permission if a photo- 
graph clearly shows the student’s face (NCTM journals style is 
to delete students’ full names in text and on worksheets). 


All manuscripts must be submitted electronically to Mathemat- 
ics Teacher at this site: http://mt.msubmit.net. An electronic 
acknowledgment will be sent on receipt of a manuscript. 
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From NCTM 

Individual NCTM members receive a 20 per- 
cent discount on NCTM publications. To order, 
visit the NCTM online catalog at www.nctm 
.org/catalog or call toll free at (800) 235- 
7566. Free print catalogs of NCTM publica- 
tions also are available by writing to NCTM. 


Common Core Mathematics in a PLC 
at Work™: Leader’s Guide, Timothy D. 
Kanold and Matthew R. Larson, 2012. 
Grades Pre-K-12, 155 pp., $24.95 paper. 
ISBN 978-1-936765-47-8. Stock no. 14387. 
National Council of Teachers of Math- 
ematics and Solution Tree Press; www 
.nctm.org. 


Professional Learn- 
ing Communities 
(PLCs) focused on the 
understanding and 
implementation of the 
Common Core State 
; Standards for Math- 
ematics (CCSSM) is, the authors argue, 
one viable response to the literature 
that demonstrates the challenges cre- 
ated when teachers work in isolation. 
Kanold and Larson further argue that 
PLCs are needed to bring about sustain- 
able change in schools in lieu of what 
they call “one-shot” professional devel- 
opment. To support the work of PLCs 
and their leaders, this book provides a 
wealth of resources to address critical 
areas of need as well as paint a picture 
of the promise of a PCL when all entities 
are truly collaborating. 

The book’s strength is its practical 
examples. Incremental actions in the form 
of steps, stages, or tiers are suggested to 


Mathematics 
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help collaborative groups begin and sus- 
tain their work while focused on student 
learning, development, and assessment. 
The examples provided allow leaders and 
teachers to “see” what each step, stage, or 
tier might look like. Tools and rubrics are 
embedded throughout the text and help 
illuminate major ideas in each chapter. 
The questions at the end of chapters 
along with the variety of included tools 
make this book a helpful resource for 
schools interested in developing PCLs, 
whether their focus is on the Common 
Core or other important issues. In addi- 
tion, the tools and rubrics are available 
online and can be modified by individual 
groups or leaders to fit their specific needs. 
— Stacy Reeder 
University of Oklahoma 
Norman, OK 


Developing Essential Understanding of 
Geometry for Teaching Mathematics 

in Grades 9-12, Nathalie Sinclair, David 
Pimm, and Melanie Skelin; Rose Mary 
Zbiek, series ed., 2012. 109 pp., $35.95 
paper. ISBN 978-0-87353-692-9. Stock 
no. 14123. National Council of Teachers of 
Mathematics; www.nctm.org. 


This recent addition 
to NCTM’s Essential 
Understanding series 
highlights four key 
ideas that geometry 
teachers need to con- 
sider in the teaching 
of geometry: diagrams, 
variance and invariance, definitions, 
and proof. The understanding and 
assessment of these ideas, along with 
the vertical and horizontal alignment of 
geometry topics, is the book’s focus. 
One key area that the authors empha- 
size is the importance of variance—that 
is, change—in the study of geometry. 
One highlighted example is the intersec- 
tion of a circle with a line. Specifically, if 
a chord is rotated at a point of intersec- 
tion with the circle so that it becomes a 


tangent, then that line is also perpendicu- 
lar to a radius at that point. Further, this 
explanation verifies the root meaning of 
the word right, which relates to balance 
(p. 12). In other words, the tangent is 
balancing on the point of tangency; if 
not, it would be intersecting the circle at 
two points. Word origins and roots are 
used throughout the book to help clarify 
and illuminate many geometric terms. 

While reviewing this book, I had 
many “aha!” moments when the authors 
made connections between geometry 
and other areas of mathematics. For 
example, when decomposing a triangle 
into a rectangle to develop the area for- 
mula, students need to know the algebra 
concepts of slope and midpoint of the 
sides of a triangle (p. 54). 

Reading this book will expand and 
strengthen any experienced geometry 
teacher’s knowledge. Note: Thinking is 
required! 

—Lynn Mitzel 
Fargo Public Schools 
Fargo, ND 


FROM OTHER PUBLISHERS 


A Guide to Advanced Linear Algebra, 
Stephen H. Weintraub, 2011. 255 pp., 
$39.95 cloth. ISBN 978-0-88385-351-1. 
The Mathematical Association of Amer- 
ica; WWW.maa.org. 


A Guide to Advanced Lin- 
ear Algebra 1s the newest 
addition to the Dolciani 
Mathematics Exposition 
Series (no. 44) and the 
MAA guides (no. 6). Its 
approach to linear algebra 
es __| is strictly theoretical; no 
computational issues are addressed. The 
book assumes that readers know most of 
the basics in linear algebra; thus, it is cer- 
tainly not suited for beginning students. 
In addition, this book is not suitable 
for students with a rich knowledge of 
algebra, who would already be familiar 
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with the material presented here. Those 
who would benefit from such a book are 
upper-division undergraduate students 
or beginning graduate students who lack 
formal depth in proof of theorems of lin- 
ear algebra as well as teachers who need 
a refresher in these topics. 

The book is well organized. It 
approaches linear algebra from a purely 
algebraic perspective—namely, the 
concepts of vector spaces and linear 
transformations. Definitions, remarks, 
lemmas, examples, theorems, and proofs 
are labeled simply and, most of the time, 
clearly. The author’s intent is evident 
in his organization of the text. He starts 
with basic definitions and theorems of 
vector spaces and linear transforma- 
tions and then moves to matrices of 
linear transformations; determinants, 
eigenvalues, and eigenvectors; and then 
inner product spaces. The beginning 
synopsis of each chapter gives a view of 
the author’s intent for that chapter and 
allows readers to focus on the content. 

This book provides readers with 
valuable knowledge. It would be most 
useful as a reference book for teachers 
who wish to revisit the major ideas and 
proofs of the topics of linear algebra. 

— Cynthia Barb 
Kent State University at Stark 
North Canton, OH 


“Heterogenius” Classrooms: Detrack- 
ing Math and Science-A Look at 
Groupwork in Action, Maika Watanabe, 
2012. Foreword by Michelle Fine. 98 pp. 
+ DVD, $36.95 cloth. ISBN 978-0-8077- 
5246-3. Teachers College Press; www 
.teacherscollegepress.com. 


In “Heterogenius” 
Classrooms, Watanabe 
presents a framework 
for instruction in a 
detracked, heteroge- 
neous classroom. She 
defines detracking as 
“universally accelerat- 
ing all students.” Through her research at 
three urban charter schools, she found that 
all students make academic achievement 
gains in a detracked program. The book 
and DVD explain the benefits of detrack- 
ing and how to instruct effectively through 
group work. The book provides four lesson 


“HETEROGENIUS” 
GEST AK 
Dey LR Science q 


WOE a 
aT 


eworll by Michelle Fine 








plans, rubrics, handouts, and reflections 
that model group work. Watanabe also 
addresses the necessary additional sup- 
ports for students and teachers for all to be 
successful through this framework. 

“Heterogenius” Classrooms is intended 
for use by all educators, from teacher 
education programs to school- and 
district-level administrators to class- 
room teachers. The book and DVD can 
be used to spark discussion and inspire 
ideas about how to implement effective 
group work. Although the setting for 
this framework is urban charter schools, 
the framework can be applied to schools 
of all sizes and demographics. The book 
and DVD highlight the six characteris- 
tics of group-worthy tasks and provide 
four examples of such tasks. I wish the 
DVD had included a lengthier clip of a 
group-worthy task in action and had fea- 
tured the teacher’s role in facilitating the 
learning through the task. 

Although detracking may not be a 
reality for all schools, Watanabe’s ideas 
are worth considering as educators 
strive to provide effective instruction for 
all students. 

—Fenecia Foster 
Sawyer Public School 
Sawyer, ND 


The Hidden Mathematics of Sport, Rob 
Eastaway and John Haigh, 2011. 199 pp., 

$15.52 (U.S) cloth. ISBN 9781907554223. 
Anova BookStore; www.anovabooks.com. 


This book is fun! The 
fact that most of the 
sports mentioned here 
are uncommon ones for 
a U.S. audience—not 
ignored, just underappre- 
ciated—puts the reader 

| ina novel framework yet 
with an old friend: mathematics. 

The fact that sport and mathematics 
are intertwined is not news to anyone, 
particularly to any baseball, basketball, 
or hockey fan, but this relationship 
exists in many other sports as well. Cer- 
tainly, we are all aware of tennis and 
soccer (make that “football”!), but don’t 
forget about rugby, cricket, snooker, 
darts, horse racing, high jumping, triath- 
lons, and all the Olympic sports, just to 
name a few. If this list sounds Anglocen- 
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tric, you’ve divined the book’s origin. 

Don’t take up this book expecting to 
be “schooled” in sports-generated math- 
ematical nuances or (for the most part) 
references to advanced mathematics. But 
the mathematics here is approachable 
and intelligible at the secondary school 
level—counting arguments, game theory, 
some very simple physics, tournament 
design, and elementary statistics. Even 
the efficacy of cheating is addressed. 
And the authors have added a few teaser 
problems to each chapter to make you 
think about both the sport itself and the 
mathematics lurking behind it. They 
also provide ample additional references 
to pursue suggested topics more fully. 

I won’t spoil your read, but here are 
a few intriguing questions discussed in 
the book: 


¢ In shot put, are you better off adding 
1 percent to the height of the release 
or 1 percent to the speed? 

e Who or what were Running Rein and 
Flocton Grey? 

e What’s a googly? 

¢ How does Pythagoras’s theorem 
apply to the triathlon? 

e Statistically, what is the best tactic for 
running an 800 meter race? 

e What’s unusual about the football 
road signs in Britain? 


You may collect some ideas for class- 
room projects, you will certainly enjoy 
the writing, and you will come away 
pleased, a little challenged, and not 
drained or pushed over the edge math- 
ematically. Definitely worth reading! 

—dJ. Kevin Colligan 
RABA Center, SRA International 
Columbia, MD 


Who's #1? The Science of Rating and 
Ranking, Amy N. Langville and Carl D. 
Meyer, 2012. 266 pp., $29.95 cloth. ISBN 
978-0-691-15422-0. Princeton University 
Press; www.press.princeton.edu. 


The authors’ stated 
purpose is to provide 

a single resource that 
describes several tech- 
niques and uses of both 
ratings and rankings, 
including some new 


strategies that they have devised them- 
selves. The audience they identify is 
vast, from mathematicians to sports 
enthusiasts to gamblers. Although they 
suggest that some fundamental knowl- 
edge of linear algebra and optimization 
is helpful, they encourage those without 
this knowledge to read the book anyway. 
However, some examples are not help- 
ful for those without the mathematical 
grounding; at other times, the mathemat- 
ics is overwhelmed by the number of 
data points in the example. 

The book contains some fascinating 
applications, such as the 2000 U.S. presi- 
dential election, but focuses more on 


for pursuing details and nuances. 

In several instances, the authors 
begin with a theory and then illustrate 
the theory with an application; in oth- 
ers, they build to the theory from an 
application. This inconsistency, which 
makes some chapters appealing to the 
nonmathematical reader and other 
chapters appealing to the mathematical 
reader, can make the text difficult to fol- 
low at times. 

Overall, the book does achieve the 
authors’ stated purpose. Readers will 
find many interesting ideas as they grap- 
ple with the complexities of the science 
of rating and ranking. 
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Success from the Start: Your First Years 
Teaching Secondary Mathematics 


BY ROB WIEMAN AND FRAN ARBAUGH 


YOUR FIRST YEARS TEACHIN 
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You just signed your first contract to teach secondary math. You're excited but you have 
many questions and concerns: 


e What do | do when students don’t “get” the lesson? 


e What about students who struggle with math they supposedly learned in 
elementary school? 


e How do absent students make up the work? 
e Do | assign seating or let students sit wherever they want? 
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e Should | let students work in groups? Fran Arbaugh 


e¢ How much homework should | assign and grade? 


Based on classroom observations and interviews with seasoned and beginning teachers, Success from the Start: Your First Years Teaching 
Secondary Mathematics offers valuable suggestions to improve your teaching and your students’ opportunities to learn. The authors explore both 
the visible and invisible aspects of teaching and offer proven strategies to make the work meaningful—not merely manageable. Success from the start 
means being prepared from the start. This book not only teaches you how to be an effective math teacher but also gives you the tools to do it well. 
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MY FAVO RET. 


All Knotted 


ur favorite lesson is a hands-on 

activity that helps students visu- 

ally “tie” (pun intended) the con- 
cepts of rate of change and y-intercept 
together in a meaningful context using 
strings and ropes. Students tie knots in 
ropes of various thicknesses and then 
measure the length of the rope as the 
number of knots increases. We provide 
clothesline, twine, bungee cord, and 
other ropes found at local crafts, sport- 
ing goods, and home stores. We avoid 
very thin string, such as thread or knit- 
ting yarn, because the knots are small 
and the string length does not change 
enough to explore a rate of change. 
A variety of thicknesses is important 
because this allows for variability in the 
rates of change. 

Students complete the activity in 
pairs, with each pair choosing a type of 
string and cutting off a length of at least 
30 cm. Students will be asked to tie ten 
knots, so they will need a sufficiently 
long piece of rope. They measure the 
length of the rope as knots are tied and 
record the data in a table. They first 
measure the initial length of string. This 
initial measurement is the y-value for 
the x-value of 0 in the table they will 


The Back Page provides a forum for readers 
to share a favorite lesson. Lessons to be con- 
sidered for publication should be submitted to 
mt.msubmit.net. Lessons should not exceed 
600 words and are subject to abridgment. 


Edited by Jennifer Wexler, wexlerj@newtrier 
-k12.il.us, New Trier High School, Winnetka, IL 


Jamie-Marie L. Wilder 
and Molly H. Fisher 


Up 


create. Students then tie the first knot 
and measure the length of the string, 
providing the y-value for the x-value of 1 
in their table. They continue until they 
have tied ten knots in the string. In addi- 
tion to using the data to discuss rates of 
change and y-intercept, we also discuss 
correlation, scatter plots, line of best fit, 
estimation, and linear regression. 

We ask students to use the data in 
their tables to answer a series of ques- 
tions, including these: 


1. Describe what trends, if any, you see 
in the data. 

2. Do the data represent a positive or a 
negative correlation? 

3. Create a scatter plot and determine 
a line of best fit for your data. Then 
estimate the number of knots that 
must be tied so that your string is 
12 cm long. 

4. Choose two data points and calculate 
the linear equation. 

5. In real-world terms, what does it mean 
for x to be zero? For y to be zero? 

6. In real-world terms, what does “rate 
of change” mean in this problem? 


When finished, students turn in 
their knotted strings for display during 
debriefing. They can further investigate 
rate of change and y-intercept with 
differing gauges and lengths of string 
and compare results with those of their 
classmates. This comparison generally 
sparks some interesting discussions; 
students are always curious to see how 
other teams tied their knots. They are 
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surprised to discover that successive 
knots can be tied at any interval and the 
results are the same. This activity can 
be reversed to model a positive correla- 
tion by issuing the strings already knot- 
ted and asking students to measure the 
length as they untie the knots. 

We enjoy watching learning happen 
in this lesson as students see the connec- 
tion between number of knots and rope 
length, creating a real-world context for 
rate of change and y-intercept. Students 
are able to collect their own data, in the 
classroom (without mess!), and analyze 
their own work. They also like to have 
contests to determine which types of 
rope will allow the most knots to be tied 
in the 30-cm length, further applying the 
rates of change that they discovered dur- 
ing the lesson. 

This lesson is our favorite because 
students are so actively involved in their 
own mathematical learning. 





JAMIE-MARIE L. WILDER, 
jamie.wilder@lincoln.kyschools 
.us, teaches eighth-grade 
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ty Middle School in Stanford, 
Kentucky. She is interested 

4), in algebraic thinking through 

, contextual modeling. MOLLY 
H. FISHER, molly.fisher@uky.edu, is an 
assistant professor of mathematics educa- 
tion in the STEM Education department at 
the University of Kentucky in Lexington. 
She works with preservice mathematics 
teachers and studies teacher stress, burn- 
out, and retention. 
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